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ABSTRACT. In this paper we consider the three–dimensional
Navier–Stokes equations subject to periodic boundary condi-
tions or in the whole space. We provide sufficient conditions, in
terms of one component of the velocity field, or alternatively
in terms of one component of the pressure gradient, for the
regularity of strong solutions to the three-dimensional Navier–
Stokes equations.

In honor of Professor Ciprian Foias in his 75th birthday

1. INTRODUCTION

The three-dimensional Navier–Stokes equations (NSE) of viscous incompressible
fluid read:

∂u
∂t
− ν∆u+ (u · ∇)u+∇p = 0,(1.1)

∇ ·u = 0,(1.2)

u(x1, x2, x3,0) = u0(x1, x2, x3),(1.3)

where u = (u1, u2, u3), the velocity field, and p, the pressure, are the unknowns,
and ν > 0, the viscosity, is given. We set ∇h = (∂x1 , ∂x2) to be the horizontal
gradient operator and ∆h = ∂2

x1
+∂2

x2
the horizontal Laplacian, while ∇ and ∆ are

the usual gradient and the Laplacian operators, respectively. We equip the system
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(1.1)–(1.3) with periodic boundary conditions with period 1. Namely,

u(x1+1, x2, x3, t) = u(x1, x2+1, x3, t) = u(x1, x2, x3+1, t)(1.4)

= u(x1, x2, x3, t).

Because of the periodic boundary conditions we consider here the base domainΩ = (0,1)3. We emphasize, however, that one can apply our proof almost line by
line to obtain same results for the three–dimensional Navier–Stokes equations in
the whole space R3.

The question of global regularity for the 3D Navier–Stokes equations is a ma-
jor open problem in applied analysis. Over the years there has been an intensive
work by many authors attacking this problem (see, e.g., [11], [12], [14], [25],
[28], [30], [31], [32], [40], [43], [44], [45] and references therein). It is well
known that the 2D Navier–Stokes equations have a unique weak and strong solu-
tions which exist globally in time (cf., for example, [12], [25], [40], [43], [44]).
In the 3D case, the weak solutions are known to exist globally in time. But, the
uniqueness, regularity, and continuous dependence on initial data for weak solu-
tions are still open problems. Furthermore, strong solutions in the 3D case are
known to exist for a short interval of time whose length depends on the physi-
cal data of the initial–boundary value problem. Moreover, this strong solution is
known to be unique (cf., for example, [12], [25], [40], [43]).

Starting from the pioneer works of Prodi [36] and of Serrin [39], many arti-
cles were dedicated for providing sufficient conditions for the global regularity of
the 3D Navier–Stokes equations (for details see, for example, the survey papers
[28], [45] and references therein). Most recently, there has been some progress
along these lines (see, for example, [2], [3], [15], [18], [19], [21], [41], [42], and
references therein) which states, roughly speaking, that a strong solution u exists
on the time interval [0, T] for as long as

(1.5) u ∈ Lp([0, T], Lq(Ω)), with
2
p
+ 3
q
= 1, for q ≥ 3.

Moreover, that have also been some articles dedicated to the study the global reg-
ularity of the 3D Navier–Stokes equation by providing some sufficient conditions
on the pressure (cf. e.g., [3], [10], [22], [38], [48]). In addition, some other suffi-
cient regularity conditions were established in terms of only one component of the
velocity field of the 3D NSE on the whole space R3 or under periodic boundary
conditions (cf. e.g., [20], [23], [35], [46]). In [7] we introduced a sufficient regu-
larity condition on one component of the velocity field of the 3D Navier–Stokes
equations under Dirichlet boundary conditions (see also, [34]).

We denote by Lq(Ω) and Hm(Ω) the usual Lq−Lebesgue and Sobolev spaces,
respectively (cf. [1]). We denote by

(1.6) ‖φ‖q =
(∫

Ω |φ(x)|q dx1 dx2 dx3

)1/q
, for every φ ∈ Lq(Ω).
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We set

V =
{
φ : the three-dimensional vector valued trigonometric polynomials

with ∇ ·φ = 0
}
,

which will form the space of test functions. Let H and V be the closure spaces of
V in L2(Ω) under L2−topology, and in H1(Ω) under H1−topology, respectively.
Let u0 ∈ H, we say u is a Leray–Hopf weak solution to the system (1.1)–(1.3) on
the interval [0, T] with initial value u0 if u satisfies

(1) u ∈ Cw([0, T],H) ∩ L2([0, T], V), and ∂tu ∈ L1([0, T], V ′), where V ′ is
the dual space of V ;

(2) the weak formulation of the NSE:

(1.7)
∫
Ωu(x, t) ·φ(x, t)dx −

∫
Ωu(x, t0) ·φ(x, t0)dx

=
∫ t
t0

∫
Ω
[
u(x, t) · (φt(x, t)+ ν∆φ(x, t))]dx ds

+
∫ t
t0

∫
Ω
[(
u(x, t) · ∇)φ(x, t)] ·u(x, t)dx,

for every φ ∈ V , and almost every t, t0 ∈ [0, T];
(3) the energy inequality:

(1.8)
∥∥u(t)∥∥2

2 + ν
∫ t
t0

∥∥∇u(s)∥∥2
2 ds ≤

∥∥u(t0)∥∥2
2,

for every t and almost every t0.
Moreover, if u0 ∈ V , a weak solution is called strong solution of (1.1)–(1.3) on
[0, T] if, in addition, it satisfies

u ∈ C([0, T], V)∩ L2([0, T],H2(Ω)), and ∂tu ∈ L2([0, T], H).
In this case one also has energy equality in (1.8) instead of and inequality.

In this paper, we provide improved sufficient conditions, in terms of only one
component of the velocity field, that guarantee the global regularity of the 3D
NSE. Specifically, if u0 ∈ V , and if for some T > 0 we have

(1.9)



u3 ∈ Lβ([0, T], Lα(Ω)); with
7
2
< α, 1 ≤ β <∞,

and
3
α
+ 2
β
<

2(α+ 1)
3α

, or

u3 ∈ L∞([0, T], Lα(Ω)); with α >
7
2
,
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where u = (u1, u2, u3) is a weak solution with the initial datum u0, then u is
a strong solution of the 3D Navier–Stokes equations which exists on the interval
[0, T]. Moreover, u is the only weak and strong solution on the interval [0, T]
with the initial datum u0. In particular, if (1.9) holds for all T > 0, then there is
a unique global (in time) strong solution for the 3D NSE with the initial datum
u0.

As a corollary of this result we provide another criterion for regularity of the
3D NSE in terms of one component of the pressure gradient, ∂x3p. Specifically,
we show that the condition:

∂x3p ∈ Lµ([0, T], Lσ (Ω)); with σ >
21
16
, µ ≥ 1 and

3
σ
+ 2
µ
<

20
7
,

implies (1.9), and hence the corresponding three-dimensional regularity result.
We remark that a slightly weaker conditional regularity result for the 3D NSE

which is involving conditions on one component of the pressure gradient, under
different type of boundary conditions, has been reported in [9]. Due to the dif-
ference in the boundary conditions we observe that the tools used in [9] are based
on the techniques developed in [8] and are completely different than the ones
presented here.

For convenience, we recall the following three-dimensional Sobolev and La-
dyzhenskaya inequalities (see, e.g., [1], [12], [17], [27]). There exists a positive
constant Cr such that

(1.10) ‖ψ‖r ≤ Cr‖ψ‖(6−r)/(2r)2
(‖∂x1ψ‖2 + ‖ψ‖2

)(r−2)/(2r)

× (‖∂x2ψ‖2 + ‖ψ‖2
)(r−2)/(2r) (‖∂x3ψ‖2 + ‖ψ‖2

)(r−2)/(2r)

≤ Cr‖ψ‖(6−r)/(2r)2 ‖ψ‖(3(r−2))/(2r)
H1(Ω) ,

for every ψ ∈ H1(Ω),2 ≤ r ≤ 6.

We dedicate this work to Professor Ciprian Foias, a teacher, friend and collab-
orator, on the occasion of his 75th birthday.

2. THE MAIN RESULT

In this section we will prove our main result, which states that the strong solution
to system (1.1)–(1.3) exists on the interval [0, T] provided the assumption (1.9)
on u3 holds.

Theorem 2.1. Let u0 ∈ V, and let u = (u1, u2, u3) be a Leray–Hopf weak
solution to system (1.1)–(1.3) with the initial value u0. Let T > 0, and suppose that
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u3 satisfies the condition (1.9), namely,

∫ T
0
‖u3(s)‖βα ds ≤M, with

7
2
< α, 1 ≤ β <∞, and(2.1)

3
α
+ 2
β
<

2(α+ 1)
3α

, or

sup
0≤t<T

‖u3(t)‖α ≤ M, with α >
7
2
,(2.2)

for some M > 0. Then u is a strong solution of system (1.1)–(1.3) on the interval
[0, T]. Moreover, it is the only weak solution on [0, T] with the initial datum u0.

Proof. By standard procedure for the 3D Navier–Stokes equations with peri-
odic boundary condition (see, e.g., [12], [14], [28], [37], [40], [43], [44]) one can
show that there exists a global in time Leray–Hopf weak solution to the system
(1.1)–(1.3), if u0 ∈ H. Furthermore, one can show the short time existence of
a unique strong solution if u0 ∈ V . In addition, this strong solution is the only
weak solution, with the initial datum u0, on the maximal interval of existence of
the strong solution.

Suppose that u is the strong solution with initial value u0 ∈ V such that
u ∈ C([0,T ∗), V)∩L2([0,T ∗),H2(Ω)), where [0,T ∗) is the maximal interval
of existence of the unique strong solution. If T ∗ ≥ T , then there is nothing to
prove. If, on the other hand, T ∗ < T , our strategy is to show that the H1 norm
of this strong solution is bounded on [0,T ∗), provided condition (1.9) is valid.
As a result [0,T ∗) cannot be a maximal interval of existence and consequently
T ∗ ≥ T , which will conclude our proof.

From now on we focus on the strong solution, u, on its maximal interval of
existence [0,T ∗), where we assume that T ∗ < T. As we have observed earlier
the strong solution u will also be the only weak solution on the interval [0,T ∗).
Therefore, by the energy inequality (1.8) for Leray–Hopf weak solutions we have
(see, for example, [12], [43] or [44] for details)

(2.3) ‖u(t)‖2
2 + ν

∫ t
0
‖∇u(s)‖2

2 ds ≤ K1,

where

(2.4) K1 = ‖u0‖2
2.

2.1. H1 estimates Next, let us show that the H1 norm of the strong solution
u is bounded on interval [0,T ∗). Denote by

(2.5) V(t) =
∫ t

0

(
1+ ‖∇u(s)‖2

2 + ‖u3(s)‖βα
)
‖∇u(s)‖2

2 ds,
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where α and β are as in (2.1) or in (2.2). Taking the inner product of the equation
(1.1) with −∆hu in L2, and using the fact that the Stokes operator is the same as
the Laplacian operator under periodic boundary conditions, we obtain

(2.6)
1
2
d‖∇hu‖2

2

dt
+ ν‖∇h∇u‖2

2 =
∫
Ω [(u · ∇)u] ·∆hudx1 dx2 dx3.

By integration by parts a few times, we get

(2.7) −
∫
Ω(u · ∇)u ·∆hudx1 dx2 dx3

= −
∫
Ω

3∑
k,j=1

2∑
`=1

uj
∂uk
∂xj

∂2uk
∂x2

`
dx1 dx2 dx3

=
∫
Ω

3∑
k,j=1

2∑
`=1

∂uj
∂x`

∂uk
∂xj

∂uk
∂x`

dx1 dx2 dx3+
∫
Ω

3∑
k,j=1

2∑
`=1

uj
∂2uk
∂xj∂x`

∂uk
∂x`

dx1 dx2 dx3.

Thanks to the incompressibility condition (1.2) we have∫
Ω(u · ∇)w ·w dx1 dx2 dx3 = 0,

and consequently we have

∫
Ω

3∑
k,j=1

2∑
`=1

uj
∂2uk
∂xj∂x`

∂uk
∂x`

dx1 dx2 dx3 = 0.

Thus, from (2.7) and the above we have

−
∫
Ω(u · ∇)u ·∆hudx1 dx2 dx3

=
∫
Ω

3∑
k,j=1

2∑
`=1

∂uj
∂x`

∂uk
∂xj

∂uk
∂x`

dx1 dx2 dx3

=
∫
Ω
{(
∂u1

∂x1

)3

+
(
∂u2

∂x2

)3

+
(
∂u1

∂x1
+ ∂u2

∂x2

)[(
∂u1

∂x2

)2

+
(
∂u2

∂x1

)2

+ ∂u1

∂x2

∂u2

∂x1

]

+
2∑

k,`=1

∂u3

∂x`
∂uk
∂x3

∂uk
∂x`

+
2∑

j,`=1

∂uj
∂x`

∂u3

∂xj
∂u3

∂x`
+

2∑
`=1

∂u3

∂x3

∂u3

∂x`
∂u3

∂x`

 dx1 dx2 dx3 =
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=
∫
Ω
{(
∂u1

∂x1
+ ∂u2

∂x2

)[(
∂u1

∂x1

)2

− ∂u1

∂x1

∂u2

∂x2
+
(
∂u2

∂x2

)2]

+
(
∂u1

∂x1
+ ∂u2

∂x2

)[(
∂u1

∂x2

)2

+
(
∂u2

∂x1

)2

+ ∂u1

∂x2

∂u2

∂x1

]

+
2∑

k,`=1

∂u3

∂x`
∂uk
∂x3

∂uk
∂x`

+
2∑

k,`=1

∂uk
∂x`

∂u3

∂xk
∂u3

∂x`
+

2∑
`=1

∂u3

∂x3

∂u3

∂x`
∂u3

∂x`

 dx1 dx2 dx3.

By substituting the incompressibility condition (1.2) in the above we obtain

−
∫
Ω(u · ∇)u ·∆hudx1 dx2 dx3

=
∫
Ω
{
− ∂u3

∂x3

[(∂u1

∂x1

)2

+
(∂u2

∂x2

)2

− ∂u1

∂x1

∂u2

∂x2
+
(∂u1

∂x2

)2

+
(∂u2

∂x1

)2

+ ∂u1

∂x2

∂u2

∂x1

]

+
2∑
`=1

∂u3

∂x`

 2∑
k=1

∂uk
∂x3

∂uk
∂x`

+
2∑
k=1

∂u3

∂xk
∂uk
∂x`

+ ∂u3

∂x3

∂u3

∂x`

 dx1 dx2 dx3.

By integration by parts in the above we have

(2.8) −
∫
Ω(u · ∇)u ·∆hudx1 dx2 dx3

≤ C
∫
Ω |u3| |∇hu| |∇h∇u|dx1 dx2 dx3

+ C
∫
Ω |u3| |∂u/∂x3| |∇h∇u|dx1 dx2 dx3.

By Hölder’s inequality and (1.10) we get∫
Ω |u3| |∇hu| |∇h∇u|dx1 dx2 dx3(2.9)

≤ C‖u3‖α‖∇hu‖(2α)/(α−2)‖∇h∇u‖2

≤ C‖u3‖α‖∇hu‖(α−3)/α
2 ‖∇h∇u‖(α+3)/α

2 + C‖u3‖α‖∇hu‖2‖∇h∇u‖2,

and ∫
Ω |u3| |∂u/∂x3| |∇h∇u|dx1 dx2 dx3(2.10)

≤ C‖u3‖α‖∂u/∂x3‖(2α)/(α−2)‖∇h∇u‖2.

Notice that by (1.10) we also have
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∥∥∥∥∥ ∂u∂x3

∥∥∥∥∥
(2α)/(α−2)

(2.11)

≤ C
∥∥∥∥∥ ∂u∂x3

∥∥∥∥∥
(α−3)/α

2

(∥∥∥∥∥∂∇hu∂x3

∥∥∥∥∥
2
+
∥∥∥∥∥ ∂u∂x3

∥∥∥∥∥
2

)2/α (∥∥∥∥∥∂2u
∂x2

3

∥∥∥∥∥
2
+
∥∥∥∥∥ ∂u∂x3

∥∥∥∥∥
2

)1/α

≤ C‖∇u‖(α−3)/α
2 ‖∇h∇u‖2/α

2 ‖∆u‖1/α
2 + C‖∇u‖(α−2)/α

2 ‖∇h∇u‖2/α
2

+ C‖∇u‖(α−1)/α
2 ‖∆u‖1/α

2 + C‖∇u‖2.

As a result of the above we obtain

(2.12)
∫
Ω |u3|

∣∣∣∣∣ ∂u∂x3

∣∣∣∣∣ |∇h∇u|dx1 dx2 dx3

≤ C‖u3‖α
[
‖∇u‖(α−3)/α

2 ‖∇h∇u‖2/α
2 ‖∆u‖1/α

2 + ‖∇u‖(α−2)/α
2 ‖∇h∇u‖2/α

2

+ ‖∇u‖(α−1)/α
2 ‖∆u‖1/α

2 + ‖∇u‖2

]
‖∇h∇u‖2.

Therefore, by (2.9), (2.12), (2.8) and (2.6) we get

(2.13)
d‖∇hu‖2

2

dt
+ ν‖∇h∇u‖2

2

≤ C‖u3‖α ‖∇hu‖(α−3)/α
2 ‖∇h∇u‖(α+3)/α

2 + C‖u3‖α ‖∇hu‖2 ‖∇h∇u‖2

+ C‖u3‖α
[
‖∇u‖(α−3)/α

2 ‖∇h∇u‖2/α
2 ‖∆u‖1/α

2 + ‖∇u‖(α−2)/α
2 ‖∇h∇u‖2/α

2

+ ‖∇u‖(α−1)/α
2 ‖∆u‖1/α

2 + ‖∇u‖2

]
‖∇h∇u‖2,

and by Young’s inequality we have

d‖∇hu‖2
2

dt
+ ν‖∇h∇u‖2

2

≤ C
(
1+ ‖u3‖(2α)/(α−3)

α

)
‖∇hu‖2

2

+ C‖u3‖(2/α)/(α−2)
α ‖∇u‖(2(α−3))/(α−2)

2 ‖∆u‖2/(α−2)
2

+ C‖u3‖(2/α)/(α−2)
α ‖∇u‖2

2+C‖u3‖2
α‖∇u‖(2(α−1))/α

2 ‖∆u‖2/α
2 +C‖u3‖2

α‖∇u‖2
2 ≤
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≤ C
(
1+ ‖u3‖(2α)/(α−3)

α

)
‖∇u‖2

2

+ C‖u3‖(2/α)/(α−2)
α ‖∇u‖(2(α−3))/(α−2)

2 ‖∆u‖2/(α−2)
2 .

Thanks to Gronwall’s inequality we obtain

(2.14) ‖∇hu(t)‖2
2 − ‖∇hu(0)‖2

2 + ν
∫ t

0
‖∇h∇u(s)‖2

2 ds ≤ H(t),

where

(2.15) H(t) = C
∫ t

0

(
1+ ‖u3(s)‖(2α)/(α−3)

α

)
‖∇u(s)‖2

2 ds

+ C
(∫ t

0
‖u3(s)‖(2α)/(α−3)

α ‖∇u(s)‖2
2 ds

)(α−3)/(α−2)

×
(∫ t

0
‖∆u(s)‖2

2 ds
)1/(α−2)

.

Taking the inner product of the equation (1.1) with −∆u in L2, and using the
fact that the Stokes operator is the same as the Laplacian operator under periodic
boundary conditions, we obtain

1
2

d‖∇u‖2
2

dt
+ ν ‖∆u‖2

2(2.16)

=
∫
Ω [(u · ∇)u] ·∆udx1 dx2 dx3

≤
∫
Ω
[
|u| |∇hu| + |u3|

∣∣∣∣∣ ∂u∂x3

∣∣∣∣∣
]
|∆u| dx1 dx2 dx3

≤ [‖u‖6 ‖∇hu‖3 + ‖u3‖α‖∇u‖(2α)/(α−2)
] ‖∆u‖2 .

By (1.10) we have

(2.17)

‖u‖6 ≤ C
(∥∥∥∥∥ ∂u∂x3

∥∥∥∥∥
2
+ ‖u‖2

)1/3

(‖∇hu‖2 + ‖u‖2)2/3 ;

‖∇hu‖3 ≤ C‖∇hu‖1/2
2 ‖∇∇hu‖1/2

2 + C‖∇hu‖2;

‖∇u‖(2α)/(α−2) ≤ C ‖∇u‖(α−3)/α
2 ‖∆u‖3/α

2 + C ‖∇u‖2 .

As a result we get
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1
2

d‖∇u‖2
2

dt
+ ν ‖∆u‖2

2(2.18)

≤ C ‖∇u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C ‖u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C ‖∇u‖1/3
2 ‖u‖2/3

2 ‖∇hu‖1/2
2 ‖∇h∇u‖1/2

2 ‖∆u‖2

+ C ‖u‖2 ‖∇hu‖1/2
2 ‖∇h∇u‖1/2

2 ‖∆u‖2

+ C ‖∇u‖1/3
2 ‖u‖2/3

2 ‖∇hu‖2 ‖∆u‖2 + C ‖u‖2 ‖∇hu‖2 ‖∆u‖2

+ C ‖∇u‖1/3
2 ‖∇hu‖5/3

2 ‖∆u‖2 + C ‖u‖1/3
2 ‖∇hu‖5/3

2 ‖∆u‖2

+ C‖u3‖α
(
‖∇u‖(α−3)/α

2 ‖∆u‖3/α
2 + C ‖∇u‖2

)
‖∆u‖2 .

By Young’s inequality we obtain

d‖∇u‖2
2

dt
+ ν‖∆u‖2

2(2.19)

≤ C ‖∇u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C ‖u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C ‖∇u‖4/3
2 ‖u‖8/3

2 ‖∇hu‖2
2 + C ‖u‖4

2 ‖∇hu‖2
2

+ C ‖∇u‖2/3
2 ‖u‖4/3

2 ‖∇hu‖2
2 + C ‖u‖2

2 ‖∇hu‖2
2

+ C ‖∇u‖2/3
2 ‖∇hu‖10/3

2 + C ‖u‖2/3
2 ‖∇hu‖10/3

2

+ C‖u3‖(2α)/(α−3)
α ‖∇u‖2

2 + C‖u3‖2
α ‖∇u‖2

2

≤ C ‖∇u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C ‖u‖1/3
2 ‖∇hu‖7/6

2 ‖∇h∇u‖1/2
2 ‖∆u‖2

+ C
(
1+ ‖u‖4

2 + ‖∇u‖2
2 + ‖u3‖(2α)/(α−3)

α

)
‖∇u‖2

2.

Thanks to Gronwall’s inequality we obtain

‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds ≤(2.20)
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≤ C
(

sup
0≤s≤t

‖∇hu(s)‖2

) (∫ t
0
‖∇hu‖2

2 ds
)1/12(∫ t

0
‖∇u‖2

2 ds
)1/6

×
(∫ t

0
‖∇h∇u(s)‖2

2 ds
)1/4 (∫ t

0
‖∆u(s)‖2

2 ds
)1/2

+ C
(

sup
0≤s≤t

‖u(s)‖1/3
2

) (
sup

0≤s≤t
‖∇hu(s)‖2/3

2

) (∫ t
0
‖∇hu‖2

2 ds
)1/4

×
(∫ t

0
‖∇h∇u(s)‖2

2 ds
)1/4 (∫ t

0
‖∆u(s)‖2

2 ds
)1/2

+ C
∫ t

0

(
1+ ‖u(s)‖4

2 + ‖∇u(s)‖2
2 + ‖u3(s)‖(2α)/(α−3)

α

)
‖∇u(s)‖2

2 ds.

Thanks to (2.3), (2.14), and Young’s inequality, we get

‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds(2.21)

≤ C
[
K1/4

1 (1+H(t))3/4 +K5/12
1 (1+H(t))7/12

] (∫ t
0
‖∆u(s)‖2

2 ds
)1/2

+ C
∫ t

0

(
1+ ‖u(s)‖4

2 + ‖∇u(s)‖2
2 + ‖u3(s)‖(2α)/(α−3)

α

)
‖∇u(s)‖2

2 ds

≤ C (1+H(t))3/4
(∫ t

0
‖∆u(s)‖2

2 ds
)1/2

+ C V(t),

where K1, V(t) and H(t) are as in (2.4), (2.5) and (2.15), respectively. In the case
that u3 satisfies (2.1) we have

H(t) ≤ C
(∫ t

0
‖u3(s)‖βα‖∇u(s)‖2

2 ds
)(2α)/((α−3)β)

(2.22)

×
(∫ t

0
‖∇u(s)‖2

2 ds
)((α−3)β−2α)/((α−3)β)

+ C
(∫ t

0
‖u3(s)‖βα‖∇u(s)‖2

2 ds
)(2α)/((α−2)β)

×
(∫ t

0
‖∇u(s)‖2

2 ds
)((α−3)β−2α)/((α−2)β)

×
(∫ t

0
‖∆u(s)‖2

2 ds
)1/(α−2)

≤
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≤ CV(t)(2α)/((α−3)β) K((α−3)β−2α)/((α−3)β)
1

+ CV(t)(2α)/((α−2)β) K((α−3)β−2α)/((α−2)β)
1

(∫ t
0
‖∆u(s)‖2

2 ds
)1/(α−2)

≤ CV(t)(2α)/((α−3)β) + CV(t)(2α)/((α−2)β)

(∫ t
0
‖∆u(s)‖2

2 ds
)1/(α−2)

,

where V(t) is as in (2.5). Thus, we reach,

(2.23) ‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds

≤ C
1+ V(t)(3α)/(2(α−3)β) + V(t)(3α)/(2(α−2)β)

(∫ t
0
‖∆u(s)‖2

2 ds
)3/(4(α−2))


×
(∫ t

0
‖∆u(s)‖2

2 ds
)1/2

+ C V(t).

By Young’s inequality and the condition β > (6α)/(2α− 7), we obtain

(2.24) ‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds

≤ C
(
1+ V(t)(3α)/((α−3)β) + V(t)(6α)/((2α−7)β)

)
+ C V(t) ≤ C(1+ V(t)).

On the other hand, when u3 satisfies (2.2) we get

(2.25) H(t) ≤

≤ C
(

sup
0≤s≤t

‖u3(s)‖(2α)/(α−3)
α

) ∫ t
0
‖∇u(s)‖2

2 ds+C
(

sup
0≤s≤t

‖u3(s)‖(2/α)/(α−2)
α

)

×
(∫ t

0
‖∇u(s)‖2

2 ds
)(α−3)/(α−2)(∫ t

0
‖∆u(s)‖2

2 ds
)1/(α−2)

≤ CM(2α)/(α−3)K1 + CM(2/α)/(α−2)K(α−3)/(α−2)
1

(∫ t
0
‖∆u(s)‖2

2 ds
)1/(α−2)

≤ C + C
(∫ t

0
‖∆u(s)‖2

2 ds
)1/(α−2)

.

Similarly, we have

(2.26) ‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds

≤ C(1+ V(t))+ C
(∫ t

0
‖∆u(s)‖2

2 ds
)1/2+3/(4(α−2))

.
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Thanks to Young’s inequality and since α > 7/2, we get

(2.27) ‖∇u(t)‖2
2 − ‖∇u(0)‖2

2 + ν
∫ t

0
‖∆u‖2

2 ds ≤ C(1+ V(t)).

Therefore, by Gronwall’s inequality we obtain

(2.28) ‖∇u(t)‖2
2 + ν

∫ t
0
‖∆u‖2

2 ds ≤ C(1+ ‖∇u(0)‖2
2 e
C (K1+M).

for all t ∈ [0,T ∗). Therefore, the H1 norm of the strong solution u is bounded
on the maximal interval of existence [0,T ∗), which leads to a contradiction. This
completes the proof of Theorem 2.1. ❐

Corollary 2.2. Let u0 ∈ V, and let u = (u1, u2, u3) be a Leray–Hopf weak
solution to system (1.1)–(1.3) with the initial datum u0. Let T > 0, and suppose that(
(∂p)/(∂x3)

) ∈ Lµ([0, T], Lσ (Ω)), where σ > 21
16 , µ ≥ 1 and 3/σ + 2/µ < 20

7 .
Then there is a unique strong solution u of system (1.1)–(1.3) on [0, T].

Proof. As in the proof of Theorem 2.1 we observe that u is the only weak
solution, which is also a strong solution, with the initial value u0 ∈ V such that
u ∈ C([0,T ∗), V)∩L2([0,T ∗),H2(Ω)), where [0,T ∗) is the maximal interval
of existence of the unique strong solution. If T ∗ ≥ T then there is nothing to
prove. If, on the other hand, T ∗ < T our strategy is to show that the component
u3 of the velocity field u satisfies condition (2.2) of Theorem 2.1 on the interval
[0,T ∗). As a result of Theorem 2.1 the strong solution u exists on the interval
[0,T ∗]. Hence [0,T ∗) cannot be a maximal interval of existence for the strong
solution, which leads to a contradiction and consequently T ∗ ≥ T .

As in the proof of Theorem 2.1 we focus, from now on, on the strong solution,
u, on its maximal interval of existence [0,T ∗), where we assume that T ∗ < T.

Let r > 7
4 , which will be defined later. Taking the inner product of the

equation (1.1) with (0,0, (u3)2r−1) in L2(Ω), we get

(2.29)
1

2r
d‖u3‖2r

2r
dt

+ (2r − 1)ν
r 2 ‖∇((u3)r )‖2

2

= −
∫
Ω (u · ∇u3) (u3)2r−1 dx1 dx2 dx3 −

∫
Ω
∂p
∂x3

(u3)2r−1 dx1 dx2 dx3.

By integration by parts, and the incompressibility condition (1.2) we get

(2.30)
∫
Ω (u · ∇u3) (u3)2r−1 dx1 dx2 dx3 = 0.

Moreover, by Hölder’s inequality and (1.10), we obtain

(2.31)

∣∣∣∣∣
∫
Ω
∂p
∂x3

(u3)2r−1 dx1 dx2 dx3

∣∣∣∣∣ ≤
∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
σ
‖u3‖2r−1

(σ(2r−1))/(σ−1).
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First, let us assume that σ > 7
2 . Let r = r∗ = σ/2 > 7

4 . By direct calculation we
observe that in this case

(
σ(2r∗ − 1)

)
/(σ −1) = 2r∗. As a result of the above we

get

(2.32)
d‖u3‖2r∗

dt
≤ C

∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
σ
.

Thanks to Gronwall’s inequality, and since µ ≥ 1, we get

‖u3(t)‖2r∗ ≤
(
‖u3(0)‖2r∗ + C

∫ t
0

∥∥∥∥∥ ∂p∂x3
(s)

∥∥∥∥∥
σ

ds
)

(2.33)

≤ ‖u3(0)‖2r∗ + C
(∫ t

0

∥∥∥∥∥ ∂p∂x3
(s)

∥∥∥∥∥
µ

σ
ds
)1/µ

t1−1/µ.

Next, let us assume that 21
16 < σ ≤

7
2 < 2r . By (1.10), we reach

(2.34)

∣∣∣∣∣
∫
Ω
∂p
∂x3

(u3)2r−1 dx1 dx2 dx3

∣∣∣∣∣
≤
∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
σ
‖u3‖2r−1

(σ(2r−1))/(σ−1)

≤ C
∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
σ

(
‖u3‖(2σ(2r−1)−3(2r−σ))/(2σ)

2r ‖∇((u3)r )‖(3(2r−σ))/(2rσ)2 +‖u3‖2r
2r

)
.

Notice, that in order to apply (1.10) in the argument above it is necessary to
require that (σ(2r − 1))/(σ − 1) ≤ 6r . The last inequality is true for σ < 3

2
provided

(2.35) r <
σ

6− 4σ
,

and it is always true, i.e. without any restriction on r , when σ ≥ 3
2 . Moreover, in

this case the condition
(
σ(2r − 1)

)
/(σ − 1) ≤ 6r implies that(

3(2r − σ))/(2rσ) < 2, and therefore under these same conditions as above
on r and σ we can applying Young’s inequality and obtain

(2.36)
d‖u3‖2r

2r
dt

+ ν‖∇((u3)r )‖2
2

≤ C
∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
(4rσ)/(4rσ−3(2r−σ))

σ
‖u3‖(2r[2σ(2r−1)−3(2r−σ)])/(4rσ−3(2r−σ))

2r + ‖u3‖2r
2r .
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Thus, we have

(2.37)
d‖u3‖(4rσ)/(4rσ−3(2r−σ))

2r
dt

≤ C
∥∥∥∥∥ ∂p∂x3

∥∥∥∥∥
(4rσ)/(4rσ−3(2r−σ))

σ
+ ‖u3‖(4rσ)/(4rσ−3(2r−σ))

2r .

Observe that in this case the condition 2r > σ implies that

4rσ
4rσ − 3(2r − σ) > 1,

and therefore thanks to Gronwall’s inequality, we get

(2.38) ‖u3(t)‖(4rσ)/(4rσ−3(2r−σ))
2r

≤ et
‖u3(0)‖(4rσ)/(4rσ−3(2r−σ))

2r + C
∫ t

0

∥∥∥∥∥ ∂p∂x3
(s)

∥∥∥∥∥
(4rσ)/(4rσ−3(2r−σ))

σ
ds

 .
Thus,

(2.39) ‖u3(t)‖2r ≤ et
∥∥u3(0)

∥∥(4rσ)/(4rσ−3(2r−σ))
2r

+ C
∫ t

0

∥∥∥∥∥ ∂p∂x3
(s)

∥∥∥∥∥
(4rσ)/(4rσ−3(2r−σ))

σ
ds

 (4rσ−3(2r−σ))/(4rσ)

≤ et
(
‖u3(0)‖2r + C

(
1+

∫ t
0

(
1+

∥∥∥∥∥ ∂p∂x3
(s)

∥∥∥∥∥
σ

)µ
ds
))
,

where the last inequality is true for as long as we can find r which, in addition to
all the conditions above, it also satisfies

µ ≥ 4rσ
4rσ − 3(2r −σ) .

Notice that this is also true for as long as

(2.40) r ≤ 3σµ
6µ + 4σ − 4σµ

= 3

2

(
3
σ
+ 2
µ
− 2

) .



2658 CHONGSHENG CAO & EDRISS S. TITI

Summing up, we set:

(2.41) r∗ =



σ
2

when σ >
7
2
, µ ≥ 1 and

3
σ
+ 2
µ
<

20
7
,

min

{
2,

σ
4(3− 2σ)

+ 7
8
,

3

2

(
3
σ
+ 2
µ
− 2

)}

when
21
16
< σ ≤ 7

2
, µ ≥ 1 and

3
σ
+ 2
µ
<

20
7
.

It is then easy to check that r∗ > 7
4 under the above assumptions. Moreover,

the conditions (2.35) and (2.40) both hold for r = r∗. Therefore, by (2.33)
and (2.39) we have in fact shown that u3 ∈ L∞([0,T ∗], L2r∗(Ω)), which im-
plies condition (2.2) for α = 2r∗, over the interval [0,T ∗]. As a consequence
of the Theorem 2.1, u is a strong solution on interval [0,T ∗], hence [0,T ∗)
cannot be a maximal interval of existence of the strong solution, which leads to a
contradiction. This completes the proof of Corollary 2.2.

❐
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