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Gevrey Regularity for Nonlinear Analytic Parabolic
Equations on the Sphere
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The regularity of solutions to a large class of analytic nonlinear parabolic equa-
tions on the two-dimensional sphere is considered. In particular, it is shown that
these solutions belong to a certain Gevrey class of functions, which is a subset
of the set of real analytic functions. As a consequence it can be shown that the
Galerkin schemes, based on the spherical harmonics, converge exponentially
fast to the exact solutions, as the number of modes involved in the approxima-
tion tends to infinity. Furthermore, in the case that the underlying evolution
equation has a global attractor, then this global attractor is contained in the
space of spatially real analytic functions whose radii of analyticity are bounded
uniformly from below.

KEY WORDS: Gevrey regularity; nonlinear analytic parabolic equations;
sphere.

1. INTRODUCTION

Parabolic evolution partial differential equations are known to exhibit an
instantaneous smoothing effect; that is, for general initial data their solu-
tions become instantaneously smoother than the initial data. Foias and
Temam [ 7] developed an energy technique, which involves certain pseudo-
differential operators, to prove that the solutions of the Navier—Stokes
equations, starting with initial data in the Sobolev space H!, become
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instantaneously elements of a certain Gevrey class of regularity, which, in
particular, makes them real analytic functions. There are two key points
in the proof of Foias and Temam [ 7] that one has to keep in mind while
generalizing their approach. First, the authors take advantage of the multi-
plicative (in this case quadratic) nature of the nonlinearity in the Navier—
Stokes equations. Second, the absence of physical boundaries: in [7] they
consider the case of periodic boundary conditions. Indeed, Promislow [ 21 ]
observed that one can generalize this approach to nonlinear parabolic
evolution equations with polynomial nonlinearities, subject to periodic
boundary conditions. Later, this approach was generalized further in [6]
to include nonlinear parabolic evolution equations with general analytic
nonlinearities, again subject to periodic boundary conditions. In this paper,
we take these two key points into consideration and prove the instan-
taneous Gevrey regularity result for parabolic nonlinear analytic equations
on the two-dimensional sphere.

This instantaneous forward smoothing effect that parabolic partial
differential equations enjoy is in a sense equivalent to the backward ill-
posedness from which they suffer. However, in the case that the underlying
system has a global attractor (see, e.g., [8,25]), then the solutions exist
backward in time for initial values in the global attractor. As a result it
follows easily that the global attractor is contained in a certain Gevrey class
of regularity, and in particular, it is contained in the space of spatially real
analytic functions with a uniform lower bound on their radii of analyticity.
Let us remark that the estimates provided by this approach for the uniform
lower bound for the radii of analyticity is sharp (see [20]). Moreover, it is
worth mentioning that there are examples of dissipative PDEs which are
not parabolic, and in particular, they do not enjoy this instantaneous
smoothing effect, for which their global attractors are contained in a certain
Gevrey class of regularity (see [18, 19]). In a sense, for such equations
there is smoothing, however, it occurs only as time goes to infinity. The
proof of the Gevrey regularity of the global attractor for such equations is
not as straightforward as in the case of parabolic PDEs (see [ 18, 19]).

In this paper we consider the initial value problem on the two-dimen-
sional sphere S=S2

u,—vAu+ G(u, Vu) =0 (L.1)
u(x, 0)=u° (1.2)

where v is a positive constant, G is an analytic function, and 4 is the
Laplace operator on the sphere.

The analogue of (1.1), (1.2) with periodic boundary conditions has
been studied in [ 6]. Specifically, it has been shown in [ 6] that, if the initial
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data belong to the Sobolev space H?,,, with p >n/2, then the initial bound-
ary value problem associated with (1.1) and (1.2) in [0, /]” with periodic
boundary conditions has a unique solution that lies in the Gevrey class of
functions 2(A7?e*4"”), where A= —A+1d. One of the main technical
points in [6] was showing that the Gevrey class G2? = Z(A”?e**"”) is a
topological multiplicative algebra, whenever ¢ >0 and p>n/2. The key
point in their proof (cf. Lemma 1, Ref. 6) lies in the simple fact that e* "~
for ke 7", is an eigenfunction for the Laplace operator and that the
product e ¥eim-* = gilk+m)-x ig also an eigenfunction, for every k, m e Z".

Inspired by the work of Foias and Temam [ 7] and its generalizations
[6] and [21], we prove in this article a regularity result for the solution
of (1.1) and (1.2) under some restrictions on the nonlinearity G. More
precisely, we prove that if the initial data belong to the Sobolev space
H?(S), for p>3/2, then (1.1) and (1.2) have a unique solution that lies in
the Gevrey class Z(A7%e'") for 1€ [0, T], where A= — A+ Id and T> 0,
is the local existence time, depending only on v and the H”(S) norm of u°.

The main technical difficulty in this paper is proving that the Gevrey
class G2 = (A7) is a topological multiplicative algebra, whenever
o>0 and p>3/2. This difficulty lies in the fact that the product of two
spherical harmonics (the eigenfunctions for 4 on the two-dimensional
sphere) is a linear combination of spherical harmonics and not just a single
eigenfunction, as in the periodic boundary conditions case. In fact, this
property of the spherical harmonics was the main contributor to the
unexpected restriction in Lemma 1 (Section 3), that p > 3/2.

The plan of this paper is as follows. In Section 2, we present technical
definitions, notation, and well — known properties for spherical harmonics.
Section 3 is the main section, and it is devoted to the existence and
regularity of solutions.

2. PRELIMINARIES

The main purpose of this section is to introduce the technical defini-
tions and notations. Naturally, we consider the spherical coordinate system
(x!,x3)=(0,¢) on S, where 0e(0,n) is the latitude and ¢e(0, 2n) is
the longitude. Let 7= (sin x! cos x?, sin x! sin x2, cos x!) be the outward
normal vector to S in R3. The vectors 77! = 0fi/0x! and 77? = 0ii/0x* form a
basis for TS, the tangent space to S. For each £eTS we write &= (&%),
where ¢ = &t 4 ¢%7%. The Riemannian metric of the sphere with respect to
this parameterization is given by

1 0
(g5) = <O sin? x1>
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The inverse of (g;) is denoted (g7), ie., gijgjkzéj’.‘ (here and later we use
the Einstein’s convention for summation over successive indices). The inner
product on TS is given by

E-n=gyln),  IE=(E-O'2 for &neTS

To every vector &=(&)eTS we assign the covector E=(&,), where
g,:g,-jéj, and to each covector n#=(7;) we assign the vector 7= (#’),
where 7/ = g’'n,;.

If feC®(S), then we define its gradient Vf in C*(TS) by Vf =
(VA = (g%of Jox7)), ie., Vf=(0f/ox") '+ (1/sin? x')(9f/0x?) i®. For
every u = (u’) e C*°(TS) we define its covariant derivative by

V.= o'

J 81+F

where I ;'q. is the Christoffel symbol given by

1 fz<agzj+agw_5gkf>

i =— -
L) ox* ' ox’  ox’

The divergence of u = (u') e C*(TS) is given by

div u =V,~u"=; [0 ((sin x') u') —i—i ((sin x) uz)}

sin x' | Ox! ox?
The Laplacian of a scalar function f'e C*(S) is defined by

1 o (. ,0of 1 o*f
Af =div Vf = e <smx 6x1>+sin2xl(8x2)2

Let the space L?(S) be the standard L»—1Lebesgue space on S and the
space H?(S) be the standard Sobolev space on S (cf. Adams [1] and
Aubin [2]). For L*(S), we define the inner product by

Cuy 0> o= L usdS  for u,veLX(S)

here dS=sin 0 d0 d) (the Lebesgue measure on S). Let A= —A+1d=
—divV +1d: H¥(S) — L*S), and F(u, Vu) = G(u, Vu) — vu, then (1.1) and
(1.2) can be written

u,+vAu + F(u, Vu)zO (2.1)
u(x, 0) (2.2)
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The following are well-known results concerning the operator A (cf.
[10, 13, 15, 16, 18]).

(i) For each n=0, 1, 2,..., the functions
Y™ = C™e™ P™(cos 0), m=0, +1, +2,... +n

are the eigenfunctions of 4 corresponding to the eigenvalue A, =n%+n+ 1.
The numbers C™ are the normalizers in L(S), given by C™ = [((2n + 1)/4n)
((n—|m|)!/(n+|m|)!]"2, and P™ are the associated Legendre functions
given by

P7(x)=(1—x?)m? <aax> P(x), m=0,1,2,., and x| <1

where P,(-) denotes the Legendre polynomial of degree n. Moreover, we
define P, ™(x) = P7(x), for m=0,1, 2,..., n.

(ii)) The set {Y”:m=0, +1, +2,.., +n; and n=0, 1, 2,..} forms an
orthonormal basis for L*(.S). Namely, for every ue L*(S), we have u=
Y0 Dim<nty Y7, where the convergence is in L*S), with u)'=
§S u¥' dS such that u) =1, "™, and HuHiZ(S) =250 Liml<n Uy |2

Throughout the paper we use the following notation. Y, ,=
Y0 Dimi<ns LP=L*S), H?=H?(S), etc. The Sobolev spaces H” are
easily characterized by the domains of 477, i.e.,

Hr= ot ={uel?iu= Y ur vy, ¥ izl <o

m,n m,n

and the norm ||ul| 4, is equivalent to (3, , 42 [u?'|*)"/% Therefore, we set

lullZrr= 3. 25 luy|?

m,n

Finally, following [ 7], we introduce the special Gevrey classes of functions
G2 = 9(AP2e”4"), for ¢ > 0. We remark that G?? is a Hilbert space with
respect to the inner product

12
Cuy vy grr= Y. e unoy  for u,veGL?

m,n

and where u=>, ,u’Y", and v=>, ,v"Y". Also observe that the

no m,n“n

space of real analytic functions C*(S)=J,~ o G (cf. John [9], p. 73).
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3. EXISTENCE AND REGULARITY

3.1. Quasi-linear Nonlinearity

In this section we establish the existence of local regular solutions (see
Definition 1 below) of Eqgs. (2.1) and (2.2) under the assumption that the
initial data uye H? for 3<p <3. For reasons that will become clear in the
proof (see also [ 6] for more details) we will require that the growth order
of the function F(u, Vu) with respect to the variable Vu be less than two,
for large Vu. Since F(u, Vu) is analytic, this restricts the function F(u, Vu)
to be at most linear in Vu. Therefore, in this section we assume that

the nonlinearity F(u, Vu)= (f(u) -Vu)é + fa(u),

where f'=(f,, f», f3) € R? and f;, /=1, 2, 3, 4 are given

analytic functions, and ¢ =0 or 1 (3.1)
/:(s) has a majorant g,(s), i=1,2, 3,4, ie, if fi(s) = > ays*

k=0

then g,(s)= ), |ayl| sk converges for all se R (3.2)
k=0

Definition 1. Let u°e H? with p> 1. A regular solution of (2.1) and
(2.2) on [0, T'] is a function u such that

ue C([0, T];H")mLz([O, T]; D(A)) (3.3)
du
Ee Lz([O, T1; L?) (3.4)

and
Cul0). § 12— Cultg). 6> v | CAYuls), A4 13 ds

+ ft CF(u(s), Vu(s)), ¢ 2 ds=0 (3.5)

for every ¢ € H' and almost every ¢, t,€[0, T].
Our first main theorem is as follows.

Theorem 1. Let My>0 be given and let u® € H? with p > 3/2 such that
4% o < M. Then, there exists a constant T* >0 depending only on M,
and v, such that under the assumptions (3.1) and (3.2) the problems (2.1)
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and (2.2) have a unique regular solution u on [0, T*]. Moreover, u(t) e GP*
forall te[0, T*].

In order to prove the theorem, we need the following lemmas, which
are similar to the ones in [6].

Lemma 1. Fora>0,andp > 3/2, the Hilbert space G*'* is a topological
algebra. Specifically, if u and ve G?*, then uve G??, and

luvll g < c, lullgrn o] 622 (3.6)

where ¢, is a positive constant depending only on p.

Proof. Let u, ve G2 = (A7) with

[ee) j=m [ee)
— JyJ — ay4
u= Yy ul, Y/ and  v=) > viY?
m=0 j=—m n=0 g=—n
Let
j=m g=n
— JyJ — Y749
Upy= Y ul Y/ ~— and v,= ) 0viY!?
Jj=—-m g=—n

then we have u=Y,,.0u, and v=>,.,v,. Let us set Y/ =0, when
| /| > m. Recall that (cf. [10], p. 16; [13], pp. 235-243)

min{m, n}
Yin Yrql = A(Wl, n, j’ % k) Yi;z-:-qn—zk (37)
k=0
and
) ) min{m, n} . 5
H Y{n )/ZHL2= z |A(m! n, ]s qa k)|
k=0

where A(m, n, j, g, k)={s Y] Y2Y/*t4 dS. As a result, we have

m+n—2k

— J 4 Y7 Y4
UpUy= Y. Y ulviY) Y1
ljl<sm |gql<n

min{m, n}

=Y Y X ulvidmn, g k)YiR,
ljl<sm |ql<n k=0
Denote by

Wﬁ’:nfﬂc = Z Z u{nUZA(m9 n, ja q, k) Y{n++qn72k

ljl<m |ql<n
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and note that
J W W dS=0 when k#/
S

and that
Aw™ "

, — m,n
2= mtn—2d W2

Then we have

min{m, n}
Up Uy = Z Wg’-fn—Zk
k=0
and
min{m, n}
ltmvallze=" 3 Wil %z (3.8)
k=0
Thus we have
min{m, n}
w= 3 Y upv,=Y Y Y Wil x
m=0 n=0 m=0 n=0 k=0
min{m, n} min{m, n}
=) > DIRHEYE S > Y wWRli_m
s=20 m+n=2s k=0 §=20 m4+n=2s+1 k=0
s m s
“T (T T wmrme Y T wETa- Y vy
s=20 \m=0 k=0 n=0 k=0 k=0
s m 5 n
+3T (T T wmrtene T3 wniiow)
s=0 \m=0 k=0 n=0 k=0

:11+12—I3+I4+15

Now consider /;. By changing the order of summations between indices m
and k, we obtain

Li=Y Y X wiy”
s=20 k=0 m=k
then by using the fact that 3o Sioo=""""*3, .0 35 _,, one has
s’ +k

z z Z 11;721;2.? +2k—m

s'=20 k=20 m=k
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Finally, let m' =m — k, and replace s" and m’ back to s and m, respectively;
we have

z Z Z m+k 2s+k—m

§s=20 k=0 m=0

Similarly, one can show that

12= Z Z Z W2s+k—n n+k

5§20 k=0 n=0

— Z Z ZS: W;nsi]i’zs+k+17m

s=0 k=0 m=0

T T T wgphriees

s=0 k=0 n=0

Now I; can be treated similarly. By using the fact that > ..o > xs0
==y o i _o, We obtain

13= Z Z WA' +k,s'+k _ Z Z s+k s+k

s=0 k=0 s=20 k=0

Thus, we have

s
_ m+k,2s+k+1—m 2s+k+1—m,m+k
w= 73y Y ) (with + Wil )
s=0 k=0 m=0

+ Z Z { z £n+k 25+ k— m+W2s+k m,m+k) W.;:—k,s+k}

s=20 k=0 \m=0

Since AW, ok = an—2i Wit u_oe» it follows that

A”/Ze‘”‘l/z(uu)

s

12

_ p/2 all m+k2s+k+1—m 2s+k+1—m,m+k
= 2 ) AMAjemma(whih + Wil )
>0 k>

0 m=0

+ Z z )p/Z a2

s=20 k=0

2s

K
m+k,2s+k—m 2s+k—m,m+k s+k,s+k
X{ Z (W2s +W2s )_W }

m=0
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Therefore,

12
HMUH sz/z = HAP/ZBUA (ul))“iz

12
Z Zﬂzéﬂ
”23+

s=0

s
m+k,2s+k+1—m

Z Z W2s+l

k=0 m=0

2
2s+k+1—m,m+k
+ Wi )

12
+ z /153620712£

5s=0

s+k,s+k
-

z { i (Wm+k,2s+k—m+W2s+k—m,m+k)
2s 2s
k=0 ‘\m=0

2

By using the Cauchy—Schwarz inequality, we obtain

/.
luv| 22 < C Y 25,62 { YOy z,;fgjw}

s=0 k=0 m=0

s
X { Z Z erzr;+k,2s+k—m+W§.;+k—m,m+k“2 /155’;—_‘]—(1)/4}
k=0 m=0

+ C z /“2s+ 2‘7/12s+1 { Z Z /1—(2p+1)/4}

s=0 k=0 m=0

s
% { Z Z |‘Wgtrli,2s+k+lfm+M}§§111c+17m,m+k”2 ig;;;l)m}
k=0 m=0

Since p>3/2, then Y2050 4,2 " <o0. Also, the fact that

Ap < Ay x» fOr m, k=0, yields

12
HuUHng/ZSCP Z Z )\‘gx+2k820’l;_y+2k

s=20 k=0

s
X{ Z me+k 2s +k— m+1112S+k m,m+k2;b£'21114]—€1)/4}

m=0
12
P 20
+Cp Z Z /12s+2k+le 2kl

5§20 k=0

s
m+k2s+k+1—m 2s+k+1—mm+k |2 92p+1)/4
X{ Z ”W2s+1 +W2s+1 H j*m+k }

m=0
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Let s’ =5 + k, reset the summation 3,24 Yis0= 50 Sa_s, then replace
s by s and m+k by m, and, finally, change the order of summations

between the indices k& and m; we obtain

5 m
Z A Sez‘”Z: {z [[whe 2 m +w§j’2'}€'”2/1§f"“)/4}

k=0

HuvHGp/z Z
s=20 m

m
P 20212 m2s+1—m
M a7 s N wh
k=0

» L
s=0

gl

0

254+ 1—mym |2 7(2p+1)/4
+wati %" A }

§CP Z ;p ZJ/IZS { Z Z |‘vazszzm‘|2)v£3p+l)/4

s=0 m=0 k=0

5 n
Yy |w§§:;;:mifp+”“}

n=0 k=0

£C, Y g0 {Z S g 252 A0V

s=0 m=0 k=0

5 n
Y Y |w2s¢i-;k“xf”+”/4}

n=0 k=0

e 2 9 (2p+1)/4 20312

1 + TA

<2C, Y X X Iwrn P Agnt Ave* s
k=0

s=0 m+n=s

It follows from (3.8) that

12
vl Ze2 < Cp 3 X NtV 250108 A2 27

§s=0 m+n=s
Finally, by using the fact that (cf. [8, 16])

[0, 112 < Cmin{m, n} Ju,, |? v, (39)
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and the convexity 1177, <2+ 1}/*, we obtain

12 10
HuquG;/ngP z Z lu,, Hz v, H2 /L(2p+3)/4(il/2+il/2)2p 25(2,,) )

min{m, n}
s=0 m+n=s

12, 512
<22pcp Z Z Humuz anHZ iﬁlin{m,n} iﬁlax{m,n} 27t 4)

s=20 m4+n=s

12 12
24512

<27C, 3 2 lugl? Nl |1 25,25 &2t

s=20 m+n=s

=2%C, |ul % 0] %

which completes our proof.

Remark. In [6], the authors proved the same Lemma for periodic
functions in the n-dimensional Euclidean space provided that p >n/2. In
particular, the Lemma is true for p > 1 in the case of periodic functions in
the two dimensional Euclidean space. Here, we proved the Lemma for
p>3/2 on the two dimensional sphere. The reason for this stronger restric-
tion on p is due to the fact that in the case of periodic boundary conditions
the eigenfunctions of the operator A4 satisty ¢,9,,= ¢,.. ., while in the case
of spherical harmonics we have the more involved identity (3.7). However,
we believe that Lemma 1 should hold for p>1, because the proof of
Lemma 1 should be related to the proof of the fact that the Sobolev space
H?(S) is a topological algebra for p > 1.

Lemma 2. Let ue G?? and let p, o be as in Lemma 1, and f;, g; be as
in (2.1) and (2.2), for i=1,2,3,4. Then f,(u) e G?* and

Ifi@)lgrr < gic, lullgem) — for i=1,2,3,4 (3.10)

Proof. Let 1<i<4 and assume that f;(s)=37", ays’ for all seR.
Then it follows from Lemma 1 that

n

<Y lagl lu] gp

n
Y ayu
=0

<Y lagl (¢, lullgr) <gi (e, llul gre) (3.11)
=0
Also, it follows from (3.2) that
Y ayu’ Z ayl (¢, llul gre)’ =0 as m,n— o
j=m =
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Therefore, 3.7_, a;u’ converges in G2 as n — co; say
i . ~
Y agu’— f,(-)  in G272, as n— o (3.12)

Now, since GZ* & H? = C°(S) for p>1, where C°(S) is the space of
continuous function on S, then it follows that >7_, a;u(-)’ converges
uniformly on S. Slnce 22 agu(s)’ = filuls)) for each seS, then
2 agu(- )/ = f,(u(-)) uniformly on S. Hence, f;(s) = f;(u(s)) for all s€ S.
Finally, by passing to the limit on the left-hand s1de of (2.11), we obtain

1)l gre < g (¢, llull goe) (3.13)

Proof of Theorem 1. We first prove the uniqueness of regular solu-
tions following closely the argument given in Chapter III of [20] for the
Navier—Stokes equations. Assume that u is a regular solution on [0, T'].
Since H'(S)< L3(S) < (HY(S))', from (3.5) we have

d ~
o (9> = —Cvdu+ Fu). ¢

for almost all te[0, T], for every ¢ e H(S), where <, > is the scalar
product in duality between H'(S) and (HY(S)), and F(u):= F(u, Vu).
Next, by the regularity of u and vAu+ F(u)e LY[0, T1; (H'(S))'), and
thus by Lemma 1.1 of Chapter III in [20], we have that

%z—vAu—F"(u) in (H'(S)), aein[0,T]  (3.14)

and, moreover, that u is almost everywhere equal to a continuous function

from [0, T] into (H'(S))’, so that the initial condition is well defined.
Now assume that u and v are two regular solutions of (2.1) and (2.2)

on the interval [0, 7] with the same initial value u,; from (3.14) we have

d(u—v)
dt

= —vA(u—v)—(Fu)— Fv))  in (HYS)) (3.15)

almost everywhere in [0, T]. Since (u—uv)(z)e HY(S) for almost every
te[0, T], we can take the scalar product of Eq. (3.15) almost everywhere
in time in the duality between H'(S) and (H'(S))’ to get that

e

,u—v>= —vA(u—v), u—v> — {Fu) — Fv), u—v)
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holds almost everywhere in [0, T']. Since for any ¢e L*[0, T]; H'(S))
with d¢/dte L*([0, T]; (H'(S))'), then Lemma 1.2 of Chapter III in [20]
yields

e N\ d
> <dl, ¢(r)> = 10013

therefore we have for ¢ =u—v,

1d ~ ~
CoT | — vl 72+ v [ 4"2(u = )| 72 = — CFu) — F(v), u—v) (3.16)

Since u, ve C([0, T]; H?) and H? = C°(S) for p > 1, we have that u, ve
C([0, T]; L™). Let M =2 max{supo<, <7 [u(-, )l o> SUPo<,< 7 [I0(+, D)l o} -

In the case when the nonlinearity is independent of Vu, ie., when
a=0, we have

— CF(u) = F(o), u— vy < || fau) = fa(0) | 22 u— v 12

< sup |f4(2)] u—v|7
lzl <M

<Clu—v|2 (3.17)
In this case, we deduce from (3.16) and (3.17) that

d

EHu(l)—v(t)l\iz<CHu(l)—v(l)l\iz (3.18)

which implies that [u(7) —v()||3.=0 for almost all re[0, T], because
u(0) =v(0).
We now consider the case when a = 1. Here, we have

CF(u) — Fv), u—v)
= {(flu) — f(v) - Vu, u—v)
+ {f0) - (Vu—Vo), u—v) +  falu) — f4(v), u—0)

Thanks to the Cauchy—Schwarz inequality, we have

o< C(sup [f/i(2)]) 14" (u—0)l 2 [ —v] 12 (3.20)

|zl <M
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On the other hand, Hoélder’s inequality yields
Ji < CIValll 2 = vl o 1.7(0) = F(0) ] s
By using the mean value theorem, one has

Ji<C(sup |2 IVull 2 lu— vl 2

lzl <M

By using the interpolation inequality (cf. [2]), [|@] 2« < [|@]|¥7 |42 2, it
follows that

J1 < (M) [|Vulll 2 llu— vl 2 |4 —v)ll 2
S CM) lull go llu—vll g2 |41 = v)]| 2 (3.21)

where C(M) = C(sup ;< ar lf’(z)l). From (3.19)—(3.21), we have

— <F(u)—f7(v), U—v)y <K(‘1)\4)

v
{IlulZp + 1} Hu—vl\iﬁi |4"2(u—v)] 72
(3.22)

where K(M) is a constant that depends on M. Now (3.18) and (3.22) yield

(1) — o() 22 < 2

7 1 [lu()lZe + 1] lu() —o(2)llZ.  (3.23)
v

By Gronwall’s inequality and the fact that supg<,<z |u(?)] gr < 00, We
have

[u(t) —v(2)]|32=0

for almost every 1€ [0, T']. So, the uniqueness of regular solutions is estab-
lished.

To prove the existence of a regular solution, we use the standard
Galerkin approximations and energy estimates. Let PV be the orthogonal
projection of L?(S) onto H,, where H, is the linear space spanned by the
set

{Y?:m=0, +1,., +m;n=0,1,2,., N}
Let

uNx, )= Y a(N, 1) Y;"EIZV: Y a(N, 1) YT

n<N,m n=0 —n<m<n
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be the solution of the Galerkin system

d ~
%MN-I— vAuN + PYFu™) =0 (3.24)

u™(0) = PMu° (3.25)

For each N, it is easy to see that solving (3.24) and (3.25) reduces to
solving a nonlinear system of first-order ordinary differential equations for
the Fourier coefficients o’(N, t)’s. This system has nonlinearities that are
Lipschitz continuous and with initial conditions given by the Fourier coef-
ficients of u™(0) = PMu°. We deduce that (3.24) and (3.25) have a unique
solution u™(-, 7) on some interval [0, T ]. Moreover, u™(-, t) € G* for all
p and o.

Next, we derive an a priori estimate for 4V as follows. Apply A?72e*"
to (2.24) and take the L*inner product with 472*"*yN; we obtain

d
<Ap/2etA'/z E uN, Ap/2etA1/2uN + v<Ap/2€’Al/2AuN, Ap/2etA12uN> 2
LZ

+APP PNEUN ), AP YNy 1 =0
By the symmetry of A2, one has

1d

- v HAp/ZetA'/zuNHiz_ <A(p+1)/ZetA'/zuN) Ap/zezAl/ZuN>L2

2dt
v AP DR N) 2,

= — {APP P PNE (N, APPe PNy | (3.26)
By Young’s inequality, we have

1d v 1
- H[4p/2etAl/2uNHiz_|_5 ‘|A(p+l)/2etAl/2uNH]2dz—5 HAp/Ze’AmuNHiz

2 dt
< — (AP PNEUN), APPe A YNy L (3.27)
Thanks to Lemma 1 and Lemma 2 and the fact that

| PYEu™) | oz < |1 F(u™) | g2
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we have
1d
EEH u™(t )ng/2+ ™ ()| G+
1 ~
<3 ()| G+ 1PYEu™) | g u™] g
1 -
<3, N ()| Zpn + 1/ @™) - Vu) 2 + fo(u™) | gpe 1u™| gre
<3 ()| %+ g(ep 1™ gr2) 6™ gpe ™| &orna (3.28)
where a=0 or 1, and g(c, |u"||gr2) =max, <, <4 gi(c, [u"] gr2).
Now if a =1, then by Young’s inequality we have
1d
3% HuN(t)Hép/er ()| Z0+ 2
1
<5, v ™ (2 )I\GP/H- (g(c, U™ p2))? HMNHGP/2+ [uM| G+ (3.29)
which leads to
%Hu ( )ng/z+*HuN(l)HZG;wwz
1
<5 ()1 82 [1+2(g(e, 4™ 6p2))?]
1 N N
=3 [ (Dl gpz il (D)l 62) (3.30)
where /1, is the function given by

hy(s)=s[142(g(c,s))*] (3.31)

Now, if a =0, then (3.28) will be replaced by

1d
VAL u™(t )\IGp/2+ ™ (2)]| G+

1
<3 ™ ()G + gle, [uN (1)l 6o2) 1u™ ()] gor2 (3.32)
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Therefore, in this case we have

Oty (0] v

1
<3 1™ (D) gz ho(llu™(2)] 6) (3.33)

where
ho(s) := s+ 2vg(c,s) (3.34)

Thus, in either case, a=0 or a =1; we deduce from (3.30) and (3.33) that
there exists a real analytic function /,(s) such that /1,(s) =37, [c, ;| s/,
which converges for all s € R, and such that

Vv t
WO gp+35 | Nu(5)]1 302 ds
0

1 rt
< I\A"/ZuN(O)HLer;j ha([u(s)ll goe) ds (3.35)
0

Since [[u™(1)|gr2 is continuous in ¢ and [|472u™(0)|| 2= [[u™(0)| gp2 <
|u®| z» < M, then there exists a constant 7% >0 such that

()l gre <T+2 [u¥(0)llgpr < 1+2 [t gp <1 +2My (336

for te[0, T%]. Since /,(s) is an increasing function, for s>0, then it
follows from (2.35) and (2.36) that

t
()] gpr < Huo\lm+;ha(1 +2 [l ) (3.37)
for 0 <t < T%. Now choose T* (T* will depend on a) such that
T*
Huo\lm+7ha(1 +2 [l o) =142 6] 1o (3.38)

1e.,
T*=v(1+ ]| o) (ha(1 42 [4°]| o))~ >0 (3.39)
We deduce from (3.37) and (3.38) that

()l gre < 1T+2 4] g < 1+2M (3.40)
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for 0 <t < T*. Moreover, we have

sup  [[u™(D)] < sup  [uN(8)][grr <1 +2M, (3.41)

0<t<T* 0<r<T*
for all N> 1. Since H? < C°%S) for p > 1, then we have

sup [[u™(t)|,<C forall N>1 (3.42)

o<t<T*

It also follows from (3.35) and (3.38) that

T*

T*
vjo |\A<p+1>/2uN(s)|\§2ds<vjo Ju¥ () Zads<C  (343)

Furthermore, (3.24), (3.41), (3.42), and (3.43) yield the estimate

T*
‘[0

By using the above estimates and Aubin’s compactness theorem (see
[2, 3, 14,21]), we conclude that there exists a subsequence of {u"}, which
we still denote {u"}, and a function u such that

2
ds <constant=C (3.44)

o

d N
%M (s)

u > u strongly in L*(0, T*; HP),
u¥ >u  weakly in L%(0, T*; H?*1),
ue L*0, T* H?)
and

sup | u(t)| o, <constant=C
0o<r<T*

It remains to show that the limit function u satisfies (3.5). Let ¢ € H' be
arbitrary. Then it follows from (3.24) that

(1), 8 12— M (1o). 93 2+ v [ CAVuN(2), A2 2

Ty

+f’ CPVEUM(2)), ¢ 12 de=0 (3.45)

0
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Based on the properties of the sequence {u"} above, we can extract a sub-
sequence, still denoted {u"}, such that u™(r) - u(¢) strongly in H” for
almost all re[0, T*], and u™(¢) - u(t) weakly in H?*! for almost all
te[0, T*]. For this subsequence, it is clear that the first three terms in
(3.45) converge to

(), 32— Culty). #y v | CAYu(x), A29) de (3:46)

for almost all ¢, 7, [0, T*]. For the fourth term in (3.45), we first consider
the case when a =0. In this case we have

| PYF(u™(2)) — Flu(t))] 72
<2 [P (1) = PNfau()) 172+ 2 | PPa(u(r)) — fau(z)] 72
<2 sup [f4(2)1? [u¥(0) —u()l| 72+ 2 | PPSa(u(t)) — fau(z)l| 72

IzI<C

(3.47)
which converges to zero as N — oo, for almost all 7€ [0, T*].
For the case a=1, one has
|PY(f(2)) - Vu(2) = flu(o)) - Vu(o) | 72
<2 [1f(w(r) - (V™ (7) — Vu(1)) | 2
+2 [[(fu(1) = flu(r))) - Vu(t) |12
+2 [ PV(f(u(r)) - Vu(z)) — flu(r)) - Vu(7))]| 22
SCIVUN(D)% ( sup £ [u (1) —u(r)]2
Izl <C 1<i<4
+C sup |fi(2)? AN (1) = u(1))] 2
zZl<C 1<i<4
+C || PY(f(u) - Vu) — flu) - Vu| 2 (3.48)

Since [|Vu®(7)| o, <c ||u™(7)| o+ and u™(7) > u(tr) weakly in H?*+! for
almost every te[0, T*], then |Vu™(z)|, is bounded for almost every
te[0, T*]. We conclude that the right-hand side of (3.48) tends to 0 as
N — oo, for almost every e [0, T7*]. From (3.47) and (3.48), we obtain
that |PYF(u™ (1)) — F(u(t))| ;2 converges to zero as N — oo, for almost all
te [0, T*]. Hence, u satisfies (3.5). By the uniqueness of regular solutions
and by estimate (3.41), it follows that u(¢) e G?/* for all te [0, T*].
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Corollary 1. If |u(t)|gp<My for all t>0 and p>3/2, then
u(t)e GP2 for all te [0, T*] and u(t) e G272 for all 1> T*.

Proof. We need to prove only that u(T* +¢t)e G52 for te[0, T*],
and the statement of the Corollary will follow by repeating the argument.
Define v(s)=u(s+1); 0<s, t<T* By assumption, we have [[v(0)| =
lo(2) || go < M. So, by applying Theorem 1, we deduce that v(s) =u(s+1¢) e
G?? for se [0, T*]. Therefore, v(T*)=u(T* +1t)e G52 for te [0, T*].

3.2. General Nonlinearity

In the previous section, we assumed that the initial data u,e H? for
3<p<3, and because of this we had to impose some restrictions on the
structure of the nonlinearity as in (2.1) with a=0 or 1. However, if the
initial data are smoother, i.., u® € H?(S) with p >5/2, then there will be no
restriction on the structure of the nonlinear term F(u, Vu) as long as
F(u, Vu) is analytic with respect to all its variables.

Theorem 2. Let My>0 be given and let u® e H? with p > 5/2 such that
6% gr < M. Then there exists a constant T* >0 depending only on M,
and v, such that (1.3) and (1.4) have a unique regular solution u on [0, T*].
Moreover, u(t)e GP? for all te [0, T*].

Proof. The proof is somewhat similar to the proof of Theorem 1. We
refer the reader to [6] for the details of the proof.

4. REMARKS

1. In this paper, we deal with analytic nonlinear parabolic equations
on the two-dimensional sphere. The same proof works for the same type of
equations on the n-dimensional sphere provided that p>(n+1)/2.
However, here again, we believe that one should be able to prove this
general result for p > n/2.

2. Following the proofs presented in [4, 5, 11, and 12], one can use
the Gevrey regularity results to demonstrate the exponentially fast con-
vergence, in a certain sense, of the Galerkin approximation, based on the
spherical harmonics, to the unique exact regular solution of the underlying
equation on the sphere. This result also indicates that the Galerkin method,
based on the spherical harmonics, is a very reliable numerical method in
this case.
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