
Bootstrap for regression analysis
Like many academics I have a perennial
interest in drinking alcohol to dull the
pain of a stressful life. However, trips to
the pub invariably get me thinking about
whether or not I am facilitating my
premature demise. In my textbook
Discovering Statistics Using SPSS, I
describe some example data that show the
relationship between deaths and the
number of pubs in various boroughs of
London. In the book I use these data as an
example of how an extreme case (a
district of London with a disproportionate
number of pubs) can influence a
regression line without being an outlier (a
case that the regression model fits badly).
In other words, the regression model fits
that data point well, but the data point
exerts a huge influence on the regression
model. 

Figure 1 shows an adaptation of these
data; the red line shows the regression line
that you would get using a normal
ordinary least squared (OLS) regression
using SPSS 16. It is clear that this line
does not represent the general trend very
well and the regression coefficient (b) for
this model is not significant too (see Table
1). This has happened because the model
has been affected by the borough in which
there were over a thousand pubs.
However, this data point would not show
up as an outlier because the model fits it
fairly well: its standardised residual is only
–0.9, which would not give anyone cause
for concern.

There are other situations where a
regression analysis might be biased, for

example, when
the variables are
unusually
distributed. A
common
question I get
asked by people
facing this
unpleasant
situation is
‘…but what can
I do, there is
not a non-
parametric
version of
regression?’ The
answer is to use
robust methods
such as the
bootstrap. 

Of course,
you can
transform your
data and plough
ahead in SPSS,
but these
transformations

often do not correct the problems and
bring with them their own unique set of
issues (as mentioned above). Using the
freeware R, robust regression parameters
can be estimated using a variety of
functions written by Rand Wilcox and
described in his excellent book on robust
methods. To do a robust regression in R,
we first instruct R to access Wilcox’s
functions, which are in the files on his
web page. We source these two files
directly from his web page in R by typing:

source(“http://tinyurl.com/allfun”) 

Next, we need to enter the data. For this
example we create two variables
(‘mortality’ and ‘pubs’) and for each we
specify the values for each of the eight
London boroughs:

pubs<-c(35, 99, 163, 214, 326, 344, 454,
1054)
mortality<-c(957, 2990, 2017, 4025, 5997,
5007, 7012, 6022)

First, we could compute the confidence
interval for the regression parameters
using a bootstrap (because we do not have
the mathematics available to estimate it
directly when our data are distributed
weirdly). To do this in R type:

library(boot)
x<-as.data.frame(cbind(pubs,mortality))
set.seed(1)
regcoef1<-function(x,i) md<-
lm(x$mortality[i]~x$pubs[i])$coef[1]
set.seed(1)

regcoef2<-function(x,i) md<-
lm(x$mortality[i]~x$pubs[i])$coef[2]
regcoefboot1<-boot(x,regcoef1,R=2000)
regcoefboot2<-boot(x,regcoef2,R=2000)
boot.ci(regcoefboot1, type="bca")
boot.ci(regcoefboot2, type="bca")

The resulting 95 per cent confidence
intervals are shown in Table 1. Note that
the OLS confidence interval for the
number of pubs crosses zero (–0.26, 9.39)
indicating a non-significant b, but the
bootstrapped confidence interval does not
cross zero (0.65, 15.35) indicating that the
relationship between the number of pubs
and the number of deaths is significant.

However, these bootstrapped
confidence intervals do not give us an
estimate of the regression parameters. To
get a robust estimate of the regression
coefficients (bs), we can use Wilcox’s
function tsreg, which estimates the bs
using the Theil-Sen estimator. This
estimator is the value b that makes
Kendall’s statistic, between Yi – bXi and
Xi, approximately zero and it has many
desirable properties. To compute this
estimate of b, type:

tsreg(pubs,mortality)

The first variable in parenthesis should be
your predictor (x) and the second one the
outcome (y). To compute a confidence
interval for Theil-Sen estimated bs we
need to again use a bootstrap because we
do not have the mathematics to compute
it directly. To do this in R we use Wilcox’s
function regci by typing:

regci(pubs,mortality)

The results of these analyses are shown in
Table 1 along with the normal OLS results
from SPSS 16. The dotted line in Figure 1
shows the regression line based on these
robust estimates. The main thing to note
is that the robust regression model reflects
the trend in the data much better than the
OLS model. The confidence interval for
the number of pubs no longer crosses
zero, and the slope is now highly
significant (as it should be given the near
perfect linear trend between the number
of pubs and mortality rates in the first
seven London boroughs).

I hope to have shown with this simple
example that the bootstrap (and robust
methods in general) can be used to
overcome problems in data sets that
researchers commonly face when needing
to conduct regression analyses. 

interval just about touches zero (or p ≈
.05), which depending on your
philosophy about p values suggests that
the mean house prices are higher at SBFC
than at WLSA.

To run the bootstrap in R you first
enter the data:

SBFC <- c(200, 210, 240, 190, 205, 265,
1660, 1480, 240, 250, 255, 1450, 240, 235,
250, 180, 200, 1720, 210, 320)
WLSA <- c(285, 310, 255, 260, 265, 260,
270, 300, 395, 265, 255, 260, 240, 380, 380,
280, 390, 370, 290, 290)

Then combine these variables into a data
frame (I’ve called it x):

x <- as.data.frame(cbind(SBFC,WLSA))

Then load the bootstrap library:

set.seed(1)
library(boot)

Next, we define a function for the
difference between two means:

meandiff <- function(x,i) 
md <- mean(x$SBFC[i])-mean(x$WLSA[i])

Finally, we run the bootstrap:

mdboot <- boot(x,meandiff, R=2000)
boot.ci(mdboot, type="bca")

and find the confidence interval (from 3
to 500).

Traditional procedures, like the t and
Wilcoxon tests, and transforming the
data, are not appropriate for this example.
The bootstrap offers a suitable alternative
for this and many other circumstances.

I’m selling my house at the moment and
it has got me thinking about lots of
things. The estate agents all wanted

about 2 per cent commission and I
thought, ‘How much money do these
people make?’ One of things that it
depends on is the cost of the houses that
they sell. Let’s compare two hypothetical
estate agents: Sarah Beeny Fan Club
(SBFC) and the We Love Sarah Agency
(WLSA). Even in these days of negative
equity and post-subprime lending they
will sell hundreds of houses, so I just took
a sample of 20 houses from each of their
sold pages (in £1000s):

SBFC: 200, 210, 240, 190, 205, 265, 1660, 
1480, 240, 250, 255, 1450, 240, 235,
250, 180, 200, 1720, 210, 320

WLSA: 285, 310, 255, 260, 265, 260, 270,
300, 395, 265, 255, 260, 240, 380, 380,
280, 390, 370, 290, 290

The mean for SBFC is £500,000 and for
WLSA is £300,000, so this looks like
SBFC makes more money. But I took a
sample of only 20 houses from each place.
If I wanted to test whether in their
respective populations (i.e. all the houses
they sell) the mean is the same, then I
need to do some kind of statistical test.
This is where life gets tricky.

One approach would be to run a
standard t test on these data, but there is a
problem with this – the standard
deviations are very different in these
groups (£556,000 for SBFC and £52,000
for WLSA) and SBFC have several
outliers. Some people would rank these
and run a Wilcoxon rank sum test. This
results in a significant effect (W = 112, p =
.02, but the direction of the result
suggests WLSA have the higher values. 

But if SBFC target houses in the rich
areas, they will get that moola whether
these are outliers or not. Ranking is an
extreme transformation. I like
transforming data (really), but most
transformations will change the units
being expressed. If we take the square
roots of all the values, the means of the
two agencies are nearly equivalent. But

the agencies don’t care about the square
root of the amount sold, because they get
2 per cent of the actual amount sold. They
want to know the mean. Thus, the
Wilcoxon and other transformations of
the data are also wrong.

This is a case where computational
power should be used instead of
mathematical wizardry. In An Introduction
to the Bootstrap, Efron and Tibshirani
(1993) describe the bootstrap method as a
way to bypass hard mathematics. Pretend
you write all 20 prices for SBFC onto
ping-pong balls and place them into a
bowl. You choose one, write the number
down, and return the ball to the bowl.
You repeat this until you have 20 numbers
written down. You do the same with
WLSA’s prices. This is your first bootstrap
sample. Then you subtract the means
(SBFC – WLSA) and store this value. If
you repeat this, say, 2000 times, you get
2000 difference scores. This sounds time
consuming, but in fact it takes only a
couple of lines in the freeware R using
Canty and Ripley’s boot package
(http://cran.r-project.org/web/packages/
boot). Efron and Tibshirani describe
several ways to construct 95 per cent
confidence intervals with bootstrapping.
The method they prefer, called the bias
corrected and accelerated, or BCa, method
produces an interval from 3 to 500 for the
estate agent data. Because there is random
element the precise boundaries will vary,
but this shows the 95 per cent confidence
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Table 1: Regression summary statistics when using normal OLS regression, and robust
regression procedures

95% Confidence Interval
Parameter b SE Lower Upper p
OLS (SPSS 16): 
Intercept 2719.67 888.89 544.64 4894.70 .022
Number of Pubs 4.56 1.97 –0.26 9.39 .060
Bootstrap CI:
Intercept 494.00 5614.00
Number of Pubs 0.65 15.35
Theil-Sen estimates with bootstrap CI:
Intercept 1771.51 1373.33 –251.87 4771.30 .124
Number of Pubs 10.16 4.36 2.38 17.24 < .001

Figure 1: Scatterplot of the number of pubs and mortality rate in eight
boroughs in London. The red line shows the regression line using
parameters estimated using normal OLS regression, the blue line
uses parameters estimated using robust methods.

Number of pubs

D
ea

th
s 

pe
r 

an
nu

m

I Andy P. Field is a Reader in Psychology at
the University of Sussex 
andyf@sussex.ac.uk

Dr. Andy Field
Highlight
blue

Dr. Andy Field
Highlight
this could be deleted


	Untitled


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


