1. Classification of Errors

Absolute exactness in a measurement is impossible and there are many sources of error:

1. Ill-defined magnitudes: This relates to the limit of preciseness in the value of a physical quantity. E.g. a spectral line has a finite width and consequently its wavelength is not defined exactly.

2. Limit of accuracy in measurement: This is due to the technique and apparatus employed. E.g. the length of a rod could be measured with a ruler to about ~0.5 mm, or with a vernier calipers to about ~0.05 mm.

3. Errors of interpretation: Often various factors are neglected in an experiment, such as the resistance of connecting wires or the refractive index of air in optical measurements. Also the theory may be over-simplified, as in the expression for the period of a simple pendulum.

4. Instrumental errors: These might include zero errors and non-linear behavior and can usually be allowed for.

5. Measured quantity affected by measurement: E.g. if the diameter of a wire is measured with a micrometer, the wire may be slightly compressed in the process. Usually an alternative technique will reduce or eliminate such errors, e.g. by using a measuring microscope instead.

6. Observer errors: These include mis-reading scales, parallax errors, faulty adjustment of equipment, etc. They can be reduced by careful experimental technique.
Experimental errors
Many of the above sources of error give rise to experimental errors which may be subdivided as follows:

Systematic errors: These affect measurements in a regular and often predictable manner, e.g. zero errors on electrical instruments, errors due to using an instrument at a temperature other than that for which it was calibrated, etc.

Random errors: These affect measurements in a random way, e.g. due to the statistical nature of a decay process, vibrations of the lab bench, small variations in supply voltages, small errors of judgment by the observer, etc. They can easily be detected by making repeated measurements on the same quantity and noting their fluctuation about some mean.

Assessing and expressing errors

There are two important indices of the uncertainty in a measured quantity, the maximum error and the standard error.

Maximum error: This is supposed to indicate the range within which the true value definitely lies. With simple primary measurements of, say, mass, length or time, assessing the maximum error is usually straightforward. With a single measurement, it is really the only type of error that can be estimated.

Standard error: In the presence of random errors, a large number of measurements of a single quantity, t, will produce a "normal" or "Gaussian" distribution curve as shown below. The ordinate, n(t), is the number of observations per unit range of t whose values lie between t and t+dt. The equation for the curve is:
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The curve is symmetrical about the mean value, tm. N is the total number of observations, and ( is a measure of the width of the curve and is called the "standard deviation" or "standard error". It can be shown to be the RMS value of the departures of the individual t measurements from the mean, tm:
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It can also be shown that about 70%, 95%, and 99.7% of the observations lie within ((, (2(, and (3( respectively of the mean. Thus we may make a rough assumption that the maximum error is about three times the standard error should it be necessary and useful to relate the two.

In practice we usually make only a limited number of measurements of any quantity and generally our best estimate of the quantity will be the mean of the measurements. It is also desirable to know how reliable this mean is. Now the value of ( describes the distribution of the measurements and therefore the reliability of a single measurement. What we require, however, is the "standard error of the mean" (SEM), (m. This can be shown to be given approximately by
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Combination of errors

Usually in an experiment, the final result is derived from a number of measured quantities, x, y, z, ...., connected to the required quantity, u, by some mathematical formula. It is therefore necessary to determine how errors in the measured quantities affect the final result.

In general, if u = f(x, y, z, .......), then the maximum error in u, (u, is given by
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On the other hand, the standard error, (u, is given by
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Examples

1. Error in sum or difference: If u = x ( y (......, then

(u = (x + (y + .......

and 
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2. Error in product or quotient: If u = xy/z, then

(u/u = (x/x + (y/y + (z/z

and 
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3. Error in trig. function: If u = sin x, then

(u = cos x (((x

and 

(u = cos x ( (x
Graphs

It is often desirable to plot points in such a way that they should, in theory, lie on a straight line. Usually, as a result of errors, they will not do so and it is necessary to draw the best straight line. A standard way of doing this is the method of least squares.

Suppose there are N pairs of measurements (xi, yi) and that the errors occur only in the measurement of one variable, say y. We require the slope, b, and intercept, a, of the best straight line, y = a + bx. The method seeks to minimize the sum of the squares of the deviations of the measured yi values from the values given by the straight line:

([yi - (a + bxi)]2 = a minimum.

When this is done, we obtain

a = ((xi2(yi - (xi(xiyi)/D

and 

b = (N(xiyi - (xi(yi)/D,

where

D = N (xi2 - ((xi)2.

The standard errors in a and b are given by

(a2 = (2((xi2/D

and

(b2 = N(2/D,

where

(2 = [( (yi - a - bxi)2]/(N - 2).
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