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Continuous Probability Distributions 
In this section we work with random variables that are continuous.  A continuous random 
variable can assume any numerical value within some interval or intervals.  Let X be just such a 
continuous random variable, then: 
 
The probability function ( )f x  for X, a continuous random variable, is called a probability 

density function (pdf). 
 

�  A probability density function must satisfy the following properties:  
1.  The total area under the curve must equal 1. 
2.  Every point on the curve must have a vertical  height that is 0 or greater. (That is, 
the curve cannot fall below the x-axis.) 

 
 
The area beneath the curve ( )f x  between two points (a) and (b) is equal to the probability that 

the random variable x takes on value between (a) and (b).  That is: ( )P a x b< < =A = the area 

between points (a) and (b) under the curve( )f x . 

 
 
We use calculus normally to find these areas; however, in this course we will use tables or 
software to find the areas/probabilities.   
 
There is an important property regarding areas of this type that we should cover.  Since a 
continuous random variable can take on an infinite, uncountable number of values there is zero 
probability that x will take on any specific value.  In other words,  
P(x = a) = 0 for any a in the function’s domain.   
 
This means that unlike discrete distributions, P( a < x < b) = 

( ) ( ) ( )P a x b P a x b P a x b£ £ = < £ = £ <  
 
Example 74 Male weights are normally distributed with a mean of 172 lbs and a standard 
deviation of 29 lbs.  What is the probability that a randomly selected man from the population 
will weigh exactly 182 lbs? 
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Solution: P( x = 182) = 0, since weights are normally distributed, we will have zero probability 
of selecting a male who weighs exactly 182 lbs. 
 
The Uniform Distribution 

�  X can take on any value between c and d with equal probability 
 = 1/(d - c)  

�  For two values a and b 

( )
b a

P a x b
d c

c a b d

-
< < =

-
£ < £

     

 
 
 
 
The Normal Distribution 
 
One of the most common continuous distributions is the Normal distribution .  It is bell-shaped, 
so we call it the bell curve.  It is perfectly symmetrical around its mean.  Many natural 
phenomena can be modeled by the Normal distribution.   
 
The Normal Probability Distribution 

   ( ) ( ) ( )2 2/ 21

2

x
f x e

m s

s p
- -

=       where x-¥ < < ¥  

 
Note: 2.7183e» and 3.1416p »  
 
Since many different random variables follow a Normal or approximately Normal distribution 

(each combination of µ and �  produces a unique normal curve).  We could create a table to give 

us areas from under the Normal curve, but we would need a different table for each random 
variable because their scales would all be different (different means and standard deviations).  To 
fix this problem we can standardize our random variables: 
 
    The standardized normal random variable 

    
x

z
m

s
-

=  
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The mean of z is 0, and the standard deviation is 1. 

 
 
The standard normal distribution has three important properties: 

1.  It is bell-shaped. 
2.  It has a mean equal to 0. 
3.  It has a standard deviation equal to 1. 

 
It is extremely important to develop the skill to find areas (or probabilities or relative 
frequencies) corresponding to various regions under the graph of the standard normal 
distribution. 
 
Example 75: If thermometers have an average (mean) reading of 0 degrees and a standard 
deviation of 1 degree for freezing water, and if one thermometer is randomly selected, find the 
probability that, at the freezing point of water, the reading is less than 1.58 degrees.    
 
Solution: P(z < 1.58) = We look up 1.58 in the table to find the area from 1.58 to the mean. 
 

  

0.00  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.08  0.09  

0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359 

0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753 

0.2 0.0793 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141 

0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517 

0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879 

0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224 

0.6 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2517 0.2549 

0.7 0.2580 0.2611 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852 
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0.8 0.2881 0.2910 0.2939 0.2967 0.2995 0.3023 0.3051 0.3078 0.3106 0.3133 

0.9 0.3159 0.3186 0.3212 0.3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389 

1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621 

1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830 

1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015 

1.3 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177 

1.4 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319 

1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441 

1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545 

 

 
The probability that the chosen thermometer will measure freezing water less than 1.58 
degrees is 0.9429. 
 
 
Note: The Empirical Rule applies to the Normal distribution, so we know that it is rare to find 
data points outside of 3± standard deviations from the mean.  
 
 
Using the Standard - Normal Probability Table:   
 
Example 76:  Use the table found on the inside front cover of your book to find the probability 
that a standard normal random variable is between 0 and 1 (P(0 < Z < 1) = ?).  What should it be 
using the empirical rule? 
 
Example 77:   Find P(-1 < Z < 2)  
 
Example 78:   Find P(Z > 2.34) 
 
Example 79: Find P(-2.05 < Z < -1.65) 
 
Example 80:  Find P(Z > -1.25) 
 
**Note:  We will consider an event to be rare if it has less than a 5% chance of occurring.   
 

0.5000      + 0.4429 
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Example 81: If Z is a standard normal variable, find the probability that Z lies between 0.7 and 
1.98. 

A.   0.2175 
B.   -0.2181 
C.   1.7341 
D.   0.2181 

 
Solution: D. 0.2181 
 
Example 82: If thermometers have an average (mean) reading of 0 degrees and a standard 
deviation of 1 degree for freezing water, and if one thermometer is randomly selected, find the 
probability that it reads (at the freezing point of water) above –1.23 degrees.    
 
Solution: P (z > –1.23) = 0.8907 

  0.00  0.01  0.02  0.03  

1.1 0.3643 0.3665 0.3686 0.3708 

1.2 0.3849 0.3869 0.3888 0.3907 

1.3 0.4032 0.4049 0.4066 0.4082 

 

 
89.07% of the thermometers have readings above –1.23 degrees.  
 
Example 83: A thermometer is randomly selected. Find the probability that it reads (at the 
freezing point of water) between –2.00 and 1.50 degrees.    
 
Solution:  

 
 

This is 
not 
needed 

.3907  + 0.5000 

The blue shaded area 
is found by looking 
up the two z-scores. 

0.4772 + 0.4332 
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Using the Standard – Normal probability table for non-standard normal random variables: 
This section presents methods for working with normal distributions that are not standard.  That 
is, the mean is not 0 or the standard deviation is not 1, or both.  The key concept is that we can 
use a simple conversion that allows us to standardize any normal distribution so that the same 
methods of the previous section can be used. 
 
Steps to finding Probability corresponding to a Normal Random Variable: 

1. Sketch the Bell Curve and label its mean and standard deviation. 
2. Shade the area you are looking to find. 

3. Convert the boundaries (x values) of the shaded area into z values using 
x

z
m

s
-

=  

4. Use the Z – table to find the desired area. 
 
 
Example 84: The distance a toy car travels on a single charge is normally distributed with an 

average of 3,000 yards and a standard deviation of 50 yards (i.e., µ = 3,000 and �  = 50).  What is 
the probability that the car will go more than 3,100 yards without recharging? 
 

 
 
Example 85:  Length of pregnancies are normally distributed with a mean of 268 days and a 
standard deviation of 15 days; find the probability of a woman carrying for a term of 308 days or 
longer.    
 
Example 86:  The old SAT scores were normally distributed with a mean of 998 and a standard 
deviation of 202 points.  Find the probability that a person scored below a 1100 on the old SAT. 
 
Using the normal table in reverse: 
There are times when we are asked to determine the value that corresponds to a given area or 
amount of probability.   
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For example, if you want to know what height a woman has to be to be taller than 90% of the 
population of all women.  We know the probability or area under the curve, but we do not know 
what x value corresponds to that area.  To solve this sort of problem we still need to know the 
mean and standard deviation for the random variable x = the height of women.   
 
Example 87:  Human heights are normally distributed.  Assume the average height for women is 
63.6 inches with a standard deviation of 2.5 inches; find the height that separates the bottom 90% 
of all women from the top 10%.  
 
Example 88:  The design of caskets depends on average human heights.  If men have average 
heights of 69 inches with a standard deviation of 2.8 inches, find the casket length that will 
ensure 99% of men will fit inside.     
 
 
 
 
 
 
 
 
 
 
Example 89: Find the cutoff z-scores for the bottom 2.5% and the top 2.5% of the standard 
normal curve. 
 
 
   

 
 

0.90 



  Created by Dane McGuckian 
 

 

Solution:  

  0.00  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.08  0.09  

0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359 

0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753 

0.2 0.0793 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141 

0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517 

0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879 

0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224 

0.6 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2517 0.2549 

0.7 0.2580 0.2611 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852 

0.8 0.2881 0.2910 0.2939 0.2967 0.2995 0.3023 0.3051 0.3078 0.3106 0.3133 

0.9 0.3159 0.3186 0.3212 0.3238 0.3264 0.3289 0.3315 0.3340 0.3365 0.3389 

1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621 

1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830 

1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015 

1.3 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177 

1.4 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319 

1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441 

1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545 

1.7 0.4554 0.4564 0.4573 0.4582 0.4591 0.4599 0.4608 0.4616 0.4625 0.4633 

1.8 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4693 0.4699 0.4706 

1.9 0.4713 0.4719 0.4726 0.4732 0.4738 0.4744 0.4750 0.4756 0.4761 0.4767 

2.0 0.4772 0.4778 0.4783 0.4788 0.4793 0.4798 0.4803 0.4808 0.4812 0.4817 

 

 
 
 
 
 

0.4750 0.4750 

.5 - 0.025 = 0.4750 
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Example 90:    The safe load for a water taxi was found to be 3500 pounds.  The mean weight of 
a passenger is assumed to be 140 pounds.  Assume the worst case that all passengers are men.  
Assume also that the weights of the men are normally distributed with a mean of 172 pounds and 
standard deviation of 29 pounds.  If one man is randomly selected, what is the probability he 
weighs less than 174 pounds? 
 

Solution: 
174 172

0.07
29

z
-

= =   P ( x < 174 lb.) = P(z < 0.07) 

 

 
 
Example 91: Use the male weight data from the previous example to determine what weight 
separates the lightest 99.5% from the heaviest 0.5%?  
 
Solution: 

 
x = m + (z �  s )  
x = 172 + (2.575 ·  29) 
x = 246.675 (247 rounded) 
The weight of 247 pounds separates the lightest 99.5% from the heaviest 0.5% 
 
 
Things to keep in mind: 

  1.  Don’t confuse z scores and areas.  z scores are  distances along the horizontal scale, 
but areas are regions under the  normal curve.  Table A-2 lists z scores in the left column 
and across the top row, but areas are found in the body of the table. 

  2.  Choose the correct (right/left) side of the graph. 
  3.  A z score must be negative whenever it is located in the left half of the normal 

distribution.  
  4.  Areas (or probabilities) are positive or zero values, but they are never negative.   
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The Concept of a Sampling Distribution 
The main objective of this section is to understand the concept of a sampling distribution of 
a statistic, which is the distribution of all values of that statistic when all possible samples of 
the same size are taken from the same population. 
We will also see that some statistics are better than others for estimating population 
parameters. 
 
Simple random sampling is a sampling plan that ensures that if a sample of size n is drawn from 
a population of size N, each sample has a 1/ N

nC  chance of being selected. 
 
The Sampling Distribution  of a sample statistic calculated from a sample of n measurements is 
the probability distribution of the statistic.  In other words, it is the probability distribution for all 
of the possible values of the statistic that could result when taking samples of size n. 
 
We need to think of our statistic as a random variable to understand the concept of a sampling 
distribution.  Imagine a very small population consisting of the elements 1, 2 and 3.  Below are 
the possible samples that could be drawn, along with the  
means of the samples and the mean of the means.  
 
Samples  
for n = 1 

x  Samples 
for  
n = 2 

x  Samples 
for  
n = 3 

x  

1 1 1, 2 1.5 1, 2, 3 2 
2 2 1, 3 2   
3 3 2, 3 2.5   
Mean of  
the x ’s 2

3

x
=�  

Mean of 
the x ’s 2

3

x
=�  

Mean of 
the x ’s 2

1

x
=�  

 
          
Example 92:  Let Y = the number of boys in a family with three children, then assuming a 50% 
chance of having a boy, the probability distribution for the number of boys is: 
 
Y 0 1 2 3 
P(Y) 1/8 3/8 3/8 1/8 
 
Find the sampling distribution for the sample mean when we look at two randomly selected 
families (n = 2).  Draw a histogram for the sample mean when taking samples of size two.  
Compare this to the histogram for Y. 
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The applet below will allow you to see what the sampling distribution for looks like for  
         
http://www.ruf.rice.edu/%7elane/stat_sim/sampling_dist/index.html 
 

Samples 
Of n = 2 

x  

0, 0 0 
0, 1 .5 
1, 0 .5 
0, 2 1 
1, 1 1 
2, 0 1 
0, 3 1.5 
1, 2 1.5 
2, 1 1.5 
3, 0 1.5 
3, 1 2 
1, 3 2 
2, 2 2 
3, 2 2.5 
2, 3 2.5 
3, 3 3 

Sample 
Means 

Probability 

0 1 1
8 8

� = 0.0156 

.5 1 3 3 1
0.0938

8 8 8 8
+ =� �  

1 1 3 3 3 3 1
0.2344

8 8 8 8 8 8
+ + =� � �  

1.5 1 1 3 3 3 3 1 1
0.3125

8 8 8 8 8 8 8 8
+ + + =� � � �  

2 1 3 3 1 3 3
0.2344

8 8 8 8 8 8
+ + =� � �  

2.5 1 3 3 1
0.0938

8 8 8 8
+ =� �  

3 1 1
8 8

� = 0.0156 
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The value of a statistic, such as the sample mean x , depends on the particular values included in 
the sample, and generally varies from sample to sample.  This variability of a statistic is 
called sampling variability. 
 
 
Properties of Sampling Distributions: Unbiasedness and Minimum Variance  
 
A Point Estimator of a population parameter is a rule or formula that tells us how to use the 
sample data to calculate a single number that can be used as an estimate of the population 
parameter. 
 
We could create many different point estimators, so there needs to be some criteria to determine 
which point estimators should be used.   
 
If the sampling distribution of a sample statistic has a mean equal to the population parameter the 
statistic is estimating, the statistic is said to be an unbiased estimator.    
 
If the mean of the sampling distribution is not equal to the parameter, the statistic is said to be a 
biased estimate of the parameter. 
 

 
 
Another quality we look for in an estimator is minimum variance.   This means that among 
estimators, the estimator with the minimum variance is the estimator that has the smallest 
standard error for its sampling distribution.  In reality, we could not find the smallest variance 
among all estimators, so we will narrow our focus to the estimators that are also unbiased.  
Putting these ideas together, we will want our point estimators to be minimum variance 
unbiased estimators (MVUE). 
 
Example 93: Both of the estimators below are unbiased, which one would be a better choice to 
estimate the parameter, A or  
B?  
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Solution: A is better.  Estimator A has the better sampling distribution, since it has less variance 
than B. 
 
 
Example 94:   
X 0 1 4 
P(x) 1/3 1/3 1/3 
 

a. Find the mean and variance for this distribution above. 
b. Find the sampling distribution for the sample mean for a random sample of n = 2 

measurements from the distribution. 
c. Show x is an unbiased estimator of m  ( show E(x ) = ( )xp x m=� ) 

 
Solution: 

a. 
5
3

m= , 1.6997s =  

b.   
X 0 0.5 1 2 2.5 4 
P(x) 1/9 2/9 1/9 2/9 2/9 1/9 

c. m= 0/9 + 1/9 + 1/9 + 4/9 + 5/9 + 4/9 = 15/9 = 5/3 
 

The Sampling Distribution of x  and the Central Limit Theorem 
 
The Central Limit Theorem  states that if random samples of size n are drawn from a non-
normal population with a finite mean m and standard deviation s , then when n is large, the 
sampling distribution of the sample mean is approximately normally distributed with mean and 
standard deviation: 

 ( )x E xm m= =  and the standard error of the meanx
n

s
s = =   

The approximation gets better as n approaches infinity (i.e.  n ® ¥ ) 
 

Note:  for a finite population 
1x

N n
Nn

s
s

� �-
= � �� �-� �
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Question: What happens to the finite correction factor, 
1

N n
N

-
-

when N >> n?  (N > > n means N 

is much bigger than n) 

The Central Limit Theorem also applies to the statistic
1

n

i
i

x
=
�  , and it also states that if the 

sampled population is normally distributed the distribution of the sample mean will be exactly 
normal.   
 
Example 95: How does the standard deviation of X compare to the standard error of the mean?   
 
 
Solution: The standard deviation of X = s  > xs = Standard error of the mean.  The standard 
error of the mean is always smaller. 
 
Please study figure below:   
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Applying the Central Limit Theorem: 
 
1. For samples of size n larger than 30, the distribution of the sample means can be 
approximated reasonably well by a normal distribution.  The approximation gets better as 
the sample size n becomes larger. 
2. If the original population is itself normally distributed, then the sample means will be 
normally distributed for any sample size n (not just the values of n larger than 30).  
 
Example 96: Researchers rated children’s interest in reading on a 140 point scale.  The mean 
score for this population of children was determined to be 106 with a standard deviation of 16.4 
points.  If we are interested in the mean interest score for a sample of 36 children:   
 

a) What is the mean and standard deviation for sample statistic being used in this problem?   
b) Find the probability of a sample of 36 randomly selected children having an average 

interest score greater than 111. 
 
Example 97:   Women’s heights are normally distributed with an average height of 63.6 and 
standard deviation 2.5.  Find the following probabilities: 
 

a) Find the probability of one randomly selected woman being less than 5ft tall. 
b) Find the probability of 40 randomly selected women having an average height less than 

5ft tall.   
 
Example 98: Given the population of men has normally distributed weights with a mean of 172 
lb and a standard deviation of 29 lb,  
a) If one man is randomly selected, find the probability that his weight is greater than 175 lb. 
 
b)  If 20 different men are randomly selected, find the probability that their mean weight is 
greater than 175 lb (so that their total weight exceeds the safe capacity of 3500 pounds). 
 
 
Solution:  
a.  
 

175 172
0.10

29
z

-
= =  
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b. 
175 172

0.46
29

20

z
-

= =  

 
 
 
 
 
 
 
 
Conclusion: It is much easier for an individual to deviate from the mean than it is for a 
group of 20 to deviate from the mean. 
 
Example 99: A final exam in Math 160 is normally distributed and has a mean of 73 with a 
standard deviation of 7.8.  If 24 students are randomly selected, find the probability that the 
mean of their test scores is less than 70. 

A.   0.1006 
B.   -1.880 
C.   0.0301 
D.   0.9699 

 
Solution: C. 0.0301 
 
 
 


