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Statistics Exam Two Notes

Events, Sample Spaces and Probability
This section introduces the basic concept of tludaiility of an event. Three different
methods for finding probability values will be peased.

The most important objective of this section is tdearn how to interpret probability
values.

TheRare Event Rulefor Inferential Statistics
If under a given assumption, the probability ofatjgular observed event is extremely
small, we conclude that the assumption is probabtycorrect.

An example of the Rare Event Rule would be as Waélo Say that you assume that a
college graduate will have a starting salary of @6kmore, but a random survey of 32
recent graduates indicates that the starting salavere around 35k. If your assumption
is actually true the probability that a sample @frécent grads would have an average
salary of only 35k would be extremely small, somvest conclude your assumption was
wrong (in actuality, we need to know what the stadddeviation is before we could
decide how probable the above sample results wmejlthut we will get to that later).

Before we get to probability, there are some tenasieed to discuss:

An experiment is an act of observation that leads to a singleane that cannot be
predicted with certainty.

An eventis a specific collection of sample points.
For example: EverA: Observe an even number.
o1 03

A sample point (or simple event)is the most basic outcome of an experiment. For
example, getting a four on a single roll of a die.

o5
b

Sample point ~ outcome
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A sample spacddenoted S) is the collection of all possible oates of an experiment.
For example: a roll of a single die:
S:{1, 2, 3,4,5, 6}

Example 28: List the different possible familiesittttan occur when a couple has three
children...

Example 29: List the possible outcomes for thrges fbf a fair coin...
HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

Here are some commonly used notational conventions:
P - denotes a probability.

A, B, andC - denote specific events.

P (A) - denotes the probability of eveitoccurring.

The probability of an event A is calculated by summing the probabilities of daenple
points in the sample space for A. In other words:

P(A :%, n = # of times you observed event A (number ofavA can happen), N =

number of observations (Number of total possileji

You might have noticed that the statements in theenthesis in the above definition
seem to define a second definition of probabilifyhat is because there are two ways to
think about probability. | have those two waysided below:

Rule 1: Relative Frequency Approximation of Probablity
Conduct (or observe) a procedure, and count thebruwf times evem actually occurs.
Based on these actual resuR§A) is estimated as follows:

P(A) = number of times A occurred
number of times trial was repeated

Rule 2: Classical Approach to Probability (RequiresEqually Likely Outcomes)

Assume that a given procedure haglifferent simple events and that each of those
simple events has an equal chance of occurringevéhtA can occur ins of thesen
ways, then

_ number of ways A can occur
P(A) = :
number of total possible outconr
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Example 30: Using the sample space created almyvieaing three children, find the
probability of having at least two girls.

Law of Large Numbers As a procedure is repeated over and over agaénrdlative
frequency of an event tends to approach the trolegtility for that event.

Probability Rules for Sample Points:
1. All sample point probabilities must be between @ anrhat is, 0 £ P(A) £ 1.
(O indicates an impossible outcome and 1 a certaicame.)
2. The sum of the individual sample point probabisitraust be equal to That

n

is, p =1. (if you have listed all of the possible outcomearoexperiment
i=1

then you must havel00% of the probability.)

Example 31: Use the data summarized below to déterthe probability that a subject
did not use marijuana.

Example 32: Find the probability of a randomly ste subject having a false — positive.

Did the subject use marijuana?

Yes No Totals
Positive test result 119 24 143
Negative test result| 3 154 157
Total 122 178 300

**The box below gives an important recap of basrobability. Notice that basic
probability is a single fraction and deals withiregée event.

Basic Probability
-Key Words: Find the probability... “1” randomly selected...
-Formula(s):

_ # of times "A" happene

B Total # of observations

_ # of ways "A" can happene
Total # of possible outcom:

P(A) P(A)

Example 33: A bag contains 6 red marbles, 3 blueblas, and 7 green marbles. If a
marble is randomly selected from the bag, whatesprobability that it is blue?

A. 1/3
B. 1/7
C. 3/16
D. 1/13

C.3/16
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Example 34: Abag contains 8 red marbles, 4 blue marbles, antedngmarble. Find

P(not blue).
A. 9/13
B. 9
C. 13/9
D. 4/13

A.9/13

Unusualness:
We will define (arbitrarily) an unusual event asedhat only occurs 5% or less of the
time. Based on that idea answer the following tjoes

Example 35: Assume that one student in a class/ adft@dents is randomly selected to
win a prize. Would it be “unusual” for you to wirfRssume “unusual” is a probability
less than or equal to 0.05)

A. Yes

B. No

A. Yes

Okay, let's take a little break from probability took into a method of counting... |
know you know how to count, but this is no ordinargunting—we are talking
Combinatorics here:

In many probability problems, the big obstacleimling the total number of outcomes,
and this section presents several methods forrgdiuch numbers without directly
listing and counting the possibilities.

The fundamental Counting Rule:
For a sequence of two events in which the firshewan occum ways and the second
event can occun ways, the events together can occur a totahaf ways.

Example 36: If you can choose three different shiot go with a pair of pants and four
different pairs of shoes, how many unique outfés gou create?

3(4) = 12 different outfits.

Before we introduce the next method, we need teeicgeme notation. Thiactorial
symbol ! denotes the product of decreasing positive whotebars.

Factorial:
nN=n"nl n=2". 1 forexampled! =4x3x2x1=24
**note 0! = 1 by definition.
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The Factorial Counting Method:

A collection of n different items can be arranged in orderdifferent ways. (This
factorial rule reflects the fact that the firstntemay be selected from different items,
the second item may be selected from litems, and so on.)

Example 37: In how many different orders can a dR®r drop off five packages?

The final counting rule we will discuss, is calld Combinations Rule

Combinations Rule:
If a sample of r elements is to be drawn from adfet elements, then the number of

n |
different samples possible is denotedrifyr = =" _
r ri(n-r)

Example 38: If a sample of 5 elements is drawn feoiset of 20 elementslow many
different samples are there?

Solution 20 = 20! = — 2,0 19, I? 3 ,2 ,1 =15,504
5 5(20-5) (54372 )(15 14 13" ~ 3 2)1

Example 39: How many different sets of numbers wanform by choosing 6 numbers
from 49 numbers?

Example 40: FindoC>
A. 80,640
B. 40,320
C. 45
D. 5

Solution oA

**Please note that the branch of mathematics cdllechbinatorics is quite vast, and we
have only just scratched the surface.

The recap box below indicates that these questatsask for ‘the number of ways’
something can be done. Look for that in problems face on the test. The majority of
the exam questions should say, ‘find the probahilttut not these questions.
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Counting
-Key Words: “In how many ways ...”, or “How many ...”

-Formula(s):
Fundamental Counting Rule:
# of choices for 1st selection # choices for 2neéc@ris” # choices for last sel&on

Factorial Rulen!

N n!
Combinations;,C, :ﬁ (order does not matter)
ri(n-r)!

Unions and Intersections
In this section we discuss some very basic idean fet theory:

Made of two or
more other events

A B A B
Either A or B, Both A and B

The Union of two events is the event that A or B or Bothurcon a single performance
of an experiment. We use the notatioAE B

Think of a union as the merging of two sets. Whepdy create a larger set that contains

all the elements of the two sets; however, we diseay repeats. That is, if both sets
have the number 2 we only put one number 2 intathien.

Example 41: Find the uniorAE B, given that:A={1,2,3 and B={1,4,}.

AE B={1,2,3,4,}

Thelntersection of two events A and B is the event that occutmith A and B occur on
a single performance of the experiment. We usadiation: AC B

When thinking of an intersection, think of where tets overlap or what the sets have in
common.

Example 42: Find the intersectioAC B, given that:A={1,2,3 and B={1,4,b.
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Souior JORE

I
/4

AE B ACB

Complementary Events

The Complement of an event A is the event that A does not occut-de sample
points in the sample space not in event A.

Notation: A° = A= A= A complemer

A: {Toss an even humber}

AC: {Toss an odd number} ALIB={127346}
[A11B]¢ = {5}

B: {TOSS a number = 3} (Neither A nor B occur)

BC: {Toss a number = 4} o5

Rule of ComplementsP ( A) + P( AE) =1

P(A)=1- P(X
Using a small bit of Algebra, we have:(A) (A)
P(A%)=1- P(A

Example 43: If the probability of losing money anbusiness venture is 20%, the
probability of making money is 35%, and the probgbof breaking even is 45%, what
is the probability of not losing money?

An important rule of probability is thprobability of “at least one”. The rule is as
follows: P(at least ong= 1 P(nong

Example 44: What is the probability when flippingcain twice that at least one head
turns up?

Define event A as A: {At least one head on twoncéips} and event A
complement as & {No heads}, thenP(A) =1- P(A). Now create a list of all of the
equally likely outcomes for the experiment of flipg a coin twice: HH, HT, TH, and
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TT. Since there are 4 outcomes, and only TT tk&irgs to A complement, we can say

P(A=1- P(K)=1 ¥= %.

*Another way to solve the problem would be to udee tdirect approach:
sinceA:{HH, HT, TH , P(A=%+%+% =%, Please understand in these simple
problems it is feasible to work the problem withher approach; however, that is not
always the case. It is often necessary to apmyptbbability of “at least one” rule
given above.

Example 45: Find the probability of awaking in thmrning when using three alarm
clocks if each alarm clock has a 99% chance of mgaigou.

Recap box:

Probability of At Least One
-Key Words: Sometimes it will say, “Find the probability thettleast one...”

-Formula: P( At Leastl)=1- K Non

The Additive Rule and Mutually Exclusive Events

The main objective of this section is to preseet akdition rule as a device for finding
probabilities that can be expressed@ or B), the probability that either eveAtoccurs
or eventB occurs (or they both occur) as the single outcofitee procedure.

Additon Rule of Probability: P(AEB)=P(A+ { B- K & B where
P(AC B)= P(A andB), which denotes the probability thAtand B both occur at the
same time as an outcome in a trial or procedure.

Example 46: Find the probability of randomly seilegtone card from a deck of 52 cards
and getting either a face card or a heart.

Two events arenutually exclusiveif they cannot occur together at the same time.

If A and B are mutually exclusive ever®{,AC B)=0. When to events are mutually
exclusive, we saffventsA and B are disjoint. (That is, disjoint events do not overlap.)

The Venn Diagrams below show the difference betwssta that overlap and those that
do not:
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Total Area = 1

PA) PDB)

P(A and B)
Total Area = 1
#(A) P(B)

Example 47: Find the probability of randomly seilegtone card from a deck of 52 cards
and getting either a face card or a three.

Example 48: (Use the table below) Find the proligbdf a single randomly selected
subject being pregnant or having a positive tesilte

Example 49: (Use the table below) Find the proligiilf her having a false positive or a
false negative exam result.

Pregnancy Test Results

Positive result Negative Result

(Preg. Indicated) | (Preg. Not Indicated) Totals
Subject is pregnant 80 5 85
Subject is not Pregnant3 11 14
Totals 83 16 99
Recap Box:
Addition Rule

-Key Words: Find the probability... “1” randomly selected... “or.
-Formula: P(AorB)=P(A+ A B- f & B

# of subjects in group A+ # of subjects in group B# of subjects belonging toth A & B
Total Total Total

P(AorB) =
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Conditional Probability
Additional information or other events occurringynteave an impact on the probability
For example, if | ask you what is the chance ledla six on a die,

you would say, “P(Rolling a 6) is one-sixth”, bdtlitold you an
even number was rolled, the probability of a 6 ga@$o one-third.

Conditional Probability Formula: To find the probability that event A occurs given
event B occurs, we divide the probability that babent A and B occur by the
probability that B occurs,

P(A|B) :—P(FQE)B)

Notation for Conditional Probability:
P(BJ|A) represents the probability of evdhbccurring after it is assumed that evArtias
already occurred (red8|A as ‘B givenA.”)

Example 50: Find the probability of a subject hgvinfalse positive result given that the
subject has a positive result.

Example 51: Find the probability of a subject gejtia positive result given that the
subject does smoke marijuana. Do the problem agjgen the person does not smoke
marijuana?

Did the subject use marijuana?

Yes No Totals
Positive test result 119 24 143
Negative test result| 3 154 157
Total 122 178 300

Example 52: Find the probability of a person hawangositive result on a pregnancy test
given that they are not pregnant. Then find tledability of a person not being pregnant
given that they have a positive pregnancy tese tAese probabilities the same?

Pregnancy Test Results

Positive result Negative Result

(Preg. Indicated) | (Preg. Not Indicated) Totals
Subject is pregnant 80 5 85
Subject is not Pregnant3 11 14
Totals 83 16 99
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Example 53The following table contains data from a study ofwo airlines which fly
to Small Town, USA.

| Number of on time flights ~ Number of late flights

Podunk Airlines 33 6
Upstate Airlines 43 5

If one of the 87 flights is randomly selected, fithe® probability that the flight selected
arrived on time given that it was an Upstate AaBrflight.

A. 43/87
B. 11/76
C. 43/48
D. None of the above is correct.

C. 43/48

Example 54: In a study, 55% of sampled executisescheated at golf. The same study
revealed that 20% of sampled executives had cheatgdlfandlied in business. What
is the probability that an executive had lied irsibessgiventhey had cheated in golf?

g

Independent Events

Two eventsA and B are independent if the occurrence of one doesaffett the
probability of the occurrence of the other. (SaV@&vents are similarly independent if
the occurrence of any does not affect the prolisdslof occurrence of the others.) Alf
andB are not independent, they are said taé&gendent.

**Using the conditional probability formula to crm independence: Two events are
independent iff (if and only if),

P(A|B)=P(A andP(B| A= P(B

A very interesting and counter intuitive result tisat two events that are mutually
exclusive meaning they do not occur together ara essult dependent! This bothers
most people, but the answer lies in the fact thatuadly exclusive events have no
intersection.

Recall: Event#\ andB aremutually exclusiveif A B contains no sample points.
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This leads to the idea that mutually exclusive éveme dependent: P(BJA) = 0. If we
know A has occurred there is no chance that B oedusince there is no intersection
between the two.

OO

Example: A common error in logic made when playgagnes of chance like dice is to
think that the dice have a memory. Statements fiKe been odd four rolls in a row, an
even is due” assume that what happened duringvéopeeroll effects what will happen
on the next roll. Let’s look at a simple exampleen rolling a single die twice. Find the
probability of rolling an even given that an oddswalled first. If you rolled ten odds in
a row, would an even be “due?”

Here are the 36 possible outcomes for two rolls:

1,1 2,1 3,1 4,1 51 6,1
1,2 2,2 3,2 4,2 5,2 6, 2
1,3 2,3 3,3 4,3 5,3 6, 3
1,4 2,4 3,4 4,4 54 6,4
1,5 2,5 3,5 4,5 55 6,5
1,6 2,6 3,6 4,6 5,6 6, 6
9
P(ECO) 26 9 6 1
P(ElO):M:E:_._:_: P(E)

This result tells us that the two rolls of the die independent events (actually, we also
need to show the same holds (0| E)).

Recap Box:

Conditional Probability
-Key Words: Find the probability... “1” randomly selected... “gin that”...
P(AC B) _ Numberof Subjects in Both Groups/Tot
P(B) "~ Numberof Subjects in Group B/Total
*short cut: Only look at the numbers in the roncolumn relating to the “given that”

condition, the total of that row or column is yalenominator, then just get your
numerator.

-Formula: P(A|B)=
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The Multiplicative Rule and Independent Events

The conditional probability formula can be rearratignto the Multiplicative Rule of
Probability to find joint probability.

Multiplication Rule for Probability: The probability that two events A and B occur is
given by:
P(AandB)= P(AC B)= P(A- A Bl A

If the two events A and B are independent, we sy u
P(AandB)= P(AC B)= P(A- A B

If the outcome of the first eventA somehow affects the probability of the second
event B, it is important to adjust the probability of B to reflect the occurrence of
eventA (only use the independent formula for events ttzae independent)

Example 55: Find the probability of a guessing tloerect answers on three different
multiple choice questions that have 5 answer clsaeeeh.

Example 56: If a store has 20 DVD players on dfshat work perfectly and 3 that are
defective, find the probability of randomly selecfitwo defective DVD players when
purchasing a pair of DVD players from the store.

Example 57: If a box contains 8 identical red po&kips and 5 identical blue poker
chips, what is the probability that two randomlyeséed poker chips taken from the box
without replacement are the same color?

If a sample size is no more than 5% of the size tife population, treat the selections
as being independent (even if the selections are dewithout replacement, so they
are technically dependent).
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Example 58: In order for a container of Sony HDéfssto be offloaded from a truck for
sale at a retail store, a random selection of teege is inspected from the container. If
the three sets are defect free, the entire comtamlé be accepted without further
inspection. If an individual Sony HDTV has a 0.28efective rate, what is the
probability that a container of Sony HDTV sets wdfuire further inspection?

Recap Box:

Multiplication Rule
-Key Words: Find the probability... (more than 1) randomly sé&del
- For example; 4 randomly selected .
-Formula: P(AC B)= R A R B; (Independentyith replacement)
OR
P(AC B = { A R B A, (Dependentwithout replacement)

Random Sampling

A random sampleis selected in such a way that every different@arof size n has an
equal chance of selection.

Example 59: After shuffling a deck of cards wedl selecting five cards from the deck
constitute a random sample of five cards? If dwatvis the probability that any particular
sample of five cards is chosen?

Discrete Random Variables

This chapter will deal with the construction of aste probability distributions by
combining the methods of descriptive statistics #mose of probability. Probability
Distributions will describe what will probably hagp instead of what actually did
happen.

A random variable is a variable that assumes numerical values agsociwith the
random outcomes of an experiment, where only omeenical value is assigned to each
sample point.

Example: If | take two penalty kicks in a socceatan over the course of a game, | can
make two, one, or no goals. The sample spacefalaws:

Goal, Goal Goal, Miss

Miss, Goal Miss, Miss

Let X = the number of goals that | make, then X egnal 2, 1, or 0. We can assign these
values to the points in our sample space:

Goal, Goal (2) Goal, Miss (1)

Miss, Goal (1) Miss, Miss (0)
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There are two kinds of random variables:
A discrete random variable can assume a countablaumber of values.
Example: Number of steps walked visiting the EiffelTower
A continuous random variable can assume any valuelang a given interval
of a number line.
Example: The time a tourist stays at the top once/lse gets there

L

I3

Remember:
Discrete random variablestake on a countable number of values.
More examples of discrete random variables

Number of sales ﬂ_
Number of calls

Shares of stock w
People in line

Mistakes per page

Continuous random variablescan assume any value contained in one or morevaite
More examples of continuous random variables
Length
Depth
Volume
Time
Weight

Example 60: Label the random variables listed Wweds discrete or continuous

The length of time customers spend waiting in &h@ublix
The number of books purchased last year

The amount of weight gained by students duringhiresn year
The number of oil spills off the Alaskan coast.

apop

a. Continuous b. Discrete c. Continuous d. Riscr
Probability Distributions for Discrete Random Variables

This section introduces the important concept pf@bability distribution, which gives
the probability for each value of a variable tisatietermined by chance.

The probability distribution _of a discrete random variable is a graph, table, or
formula that specifies the probability associateithveach possible value the random
variable can assume.
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An example of a probability histogram, one of thaphs used to represent discrete

probability distributions, is given below:

Think of a probability ‘distribution’ as how the @% of total probability is divided up

among the possible outcomes of an experiment.

Example 61: Assume that having a boy or a girkjsadly likely when having a child and
derive the probability distribution for the randaariable X = the number of girls when

having two children.

Requirements of a probability distribution:
1. 0£p(x)£1

2. p(x) =1

X

Example 62: Determine if the following is a proldabpidistribution:
X P(x)

0.243

0.167

0.213

0.149

0.232

0.164

g~ wWNEFO

Expected Values of Discrete Random Variables

The mean oExpected Valueof a discrete random variable x ig= E(x) =

Example 63: Find the mean of the given probabdistribution.
X P(x)

0.1296

0.3456

0.3456

0.1536

0.0256

A WNPELO

xxp(
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Example 64: How much money on average will an iasoce company make off of a 1-
year life insurance policy worth $10,000, if théhacge $290 for the policy, and you have
a 0.999 probability of surviving the year?

*Note even if the company has to pay out it kedes$290 for itself, so a payout is only
$10,000 - $290 = $9,710.

Example 65: What is your expected value on thevalhg game? You offer your friends
$10 if they can roll a six on a die, but they pajo#lar amount equal to what they roll on
the die if they roll any number other than 6. Storour friends play this game against
you?

Example 66: A contractor is considering a sale gramises a profit of $38,000 with a
probability of 0.7 or a loss (due to bad weathétikes, and such) Of $16,000 with a
probability of 0.3. What is the expected profit?

A. $26,600
B. $22,000
C. $37,800
D. $21,800

D. $21,800

Thepopulation variance for a random variablex is

sZ:E(x-m)Z: (% /7)2><[1>§: Xxg X - 7

The population_standard deviation for a random variable x is given by taking the

square root of the above mentioned population magas =+/s ?

The rules we learned in chapter 2 can be useddoritie the distribution of data on the
number line within one standard deviation from thean, two standard deviations, and
so on ... The table below shows the relative prdltesi under the different rules:

Chebyshev’s | Empirical Rule
0 € .6€ P(m- s< x< m+ 5)
.75 € .9t P(m- 2s< X< m+ 2 s)
-89 €1.0C P(m- 3s< x< mt 35)

Example 67: The following table gives the probipithat x patients out of five will be
cured. Calculate the expected value for the r.\cakculate the standard deviation, and
use Chebyshev’s rule to interpret the standardatiewi.
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X

0

1

2

3

4

5

P(x)

.002

.029

132

.309

.360

.168

The Binomial Distribution

This section presents a basic definition of a bibuhistribution along with notation, and
it presents methods for finding probability valueBinomial probability distributions
allow us to deal with circumstances in which theécomes belong to two relevant
categories such as acceptable/defective or suridiest

Characteristics of a binomial random variable:

Example:
1. Experiment consists of n identical trials
Flip a coin 3 times
2. There are only two possible outcomes for each gsiatcess or failure)
Outcomes are Heads or Tails
3. The probability of a success remains the same friainto trial
P(Heads) = .5; P(Tails) =1-5=.5
4. The trials are independent
H on flipi doesn’t change P(H) on flipt+ 1
5. The random variable is the number of successedriala
Let x = number of heads in three flips

Example 68: Is the following a binomial experinfentA marketing firm conducts a
survey to determine if consumers prefer the appearaf the bottle for Absolute Vodka
over the bottle of its two top rivals. 1000 peopldl be asked to pick their favorite
bottle, and the number of people who select theohits bottle will be counted. What if
we instead recorded the name of the brand thathasen by each person?

The first scenario is a binomial experiment, et $econd is not.

Example 69: Is the following a Binomial experim2ntet x represent the number of
correct guesses on 5 multiple choice questionsevbach question has 5 answer options.

Yes, there are two possible outcomes correct aoriact, a fixed number of
trials (5), they are independent trials, the pralgidor a correct answer is 1/5 for each
guess, and x counts the number of successes.

Example 70: Derive the probability distributiorr fitne above problem, and again, let x
represent the number of correct guesses on 5 raultipoice questions where each
guestion has 5 answer options.

X 0 1 2 3 4 5

P(x)
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The Binomial Probability Distribution
n

p(x) = pd-* forx=0,1,2,...,n
X

p = probability of a success
q=1-p

X = number of successes

n = number of trials

Some tips when finding binomial probability:
Be sure thatx and p both refer to the same category being called a stess.
When sampling without replacement, consider event® be independent if n
< 0.0N=the population sample size.

Example 71: Say 40% of the class is female. Hrdomly select ten student numbers
from the roster with replacement, what is the pbiliig that exactly 6 will be female?

POY= | P

100 6y w06
5 (.4°)(.67°)

210(.004096)(.129¢
=.1115
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A Binomial Random Variable has Mean, Variance, andstandard deviation:

Mean = /m=nxp
Variance =s*=nxp g
Standard Deviation 5 =/nxp g

Example 72: Find the mean and standard deviatiothe number of correct guesses on
the above mentioned five-question multiple choioezgq Would it be unusual to pass a
five-question quiz by blind guessing?

Sometimes the calculations can be tedious usingitit@mial formula, so to speed things
up, we can useRBinomial Table.

Example 73: Use the binomial table in the appenofixyour text to confirm our
calculations for the five-question multiple choi@xample above by finding the
probability that a person gets 3 or less questionsect by guessing.

Here is a small part of a similar table:

n=>5 Kk r=0.15 r=0.20 r =0.25
0 0.44371 0.32768 0.23730
1 0.83521 0.73728 0.63281
2 0.97339 0.94208 0.89648
3 0.99777 0.99328 0.98438

This table gives 4 0.99992 0.99968 0.99902

thep(x£ K). 5 1.00000 1.00000 1.00000

The answer is 0.99328.




