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Nonlinear Flow in Karst Formations

by David A. Chin', René M. Price2, and Vincent J. DiFrenna3

Abstract

The variation of effective hydraulic conductivity as a function of specific discharge in several 0.2-m and
0.3-m cubes of Key Largo Limestone was investigated. The experimental results closely match the Forchheimer
equation. Defining the pore-size length scale in terms of Forchheimer parameters, it is demonstrated that signi-
ficant deviations from Darcian flow will occur when the Reynolds number exceeds 0.11. A particular threshold
model previously proposed for use in karstic formations does not show strong agreement with the data near the

onset of nonlinear flow.

Introduction

Characterization of nonlinear flow in porous media
has been a topic of research for many years (e.g., Dudgeon
1966; Arbhabhirama and Dinoy 1973; Venkataraman and
Rao 1998), and a summary of many of the nonlinear theo-
ries can found in Bear (1972). Based on experimental re-
sults in a variety of porous media, it is generally agreed
that at low Reynolds numbers the head gradient is linearly
proportional to the specific discharge and Darcy’s law is
valid, whereas at high Reynolds numbers the head gradient
depends nonlinearly on the specific discharge and Darcy’s
law is not valid (e.g., Freeze and Cherry 1979; Bear
1972). In this context, the Reynolds number is generally
defined as
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Re (1)
where p and p are the density and dynamic viscosity

of the fluid, respectively, V is the specific discharge, and
d is the characteristic pore size. To accommodate
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nonlinearities in the relationship between head gradient
and specific discharge, the following Darcian-like rela-
tionship can be used:

Oh
Vi= —Kefpj— 2
el g (2)

where V; and K¢ are the specific discharge and effective
hydraulic conductivity, respectively, in the x; direction,
and £ is the total head. The effective hydraulic conductiv-
ity in any flow direction is therefore defined as the ratio
of the specific discharge to the head gradient in that
direction, regardless of the flow regime. In conventional
practice, it is common to define a critical Reynolds num-
ber, Re., where the flow is represented as Darcian or
linear (i.e., K.¢r; = constant) when Re < Re,,;; and non-
Darcian or nonlinear when Re > Re_;;. In unconsolidated
formations, where d is taken as the mean grain size, typi-
cal values of Re.;; are in the range of 1 to 10, and non-
linear flows are taken to occur when Re > 10. Nonlinear
flows can be laminar or turbulent depending on the
Reynolds number, with transitional flow (from laminar to
turbulent) occurring when 10 < Re < 100 and fully tur-
bulent flow when Re >100 (Bear 1972).

A general constitutive equation that can be used in
lieu of the Darcy equation to describe both linear and
nonlinear flow in porous media is the Forchheimer equa-
tion (Forchheimer 1930), given by

% =aV; + bV} (3)
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where a and b are constants. Equation 3 is grounded in
the fluid mechanics of flow in porous media, as shown by
Ahmed and Sunada (1969), who used the Navier-Stokes
equations to show that a and b are related to the proper-
ties of the fluid and porous medium by

1
a:L and b =

pgk gVck

where k is the intrinsic permeability (which is indepen-
dent of flow regime) and c is the proportionality factor
defined by the relation

4)

k = cd* (5)

and d is a characteristic pore dimension. The relationships
in Equation 4 were also derived by Ward (1966) using
dimensional analysis, and the combination of Equations 3
and 4 has been validated by Venkataraman and Rao
(1998) using the results from numerous investigations in
unconsolidated porous media.

There is a paucity of data and supporting models de-
scribing nonlinear flows in karstic formations. Shoemaker
et al. (2008) developed the Conduit Flow Process (CFP)
module for MODFLOW-2005 (Harbaugh 2005) to simu-
late nonlinear flow in karstic aquifers, and an option
within the CFP module is to simulate flow between cells
with continuous preferential flow layers, where flow can
transition between linear and nonlinear conditions. Flow
in these karstic layers is represented as Darcian according
to the relation

Ah
Vi= —Keff, i — 6
eff, Axi ( )
where Ah/Ax; is the hydraulic head gradient in the i
direction. In any given flow direction, the effective
hydraulic conductivity, K.¢ (the i has been dropped for
notational convenience), is given in normalized form as

Kelf)f Y /% Re > Rej (7)
Ky 1 Re < Reg

where K2 is the hydraulic conductivity under Darcian
(linear) flow conditions and Re.;, is the limiting Rey-
nolds number for approximating the hydraulic conductiv-
ity as KJ. In contrast to Equation 7, the Forchheimer
model for estimating the effective hydraulic conductivity
under all flow regimes can be obtained by combining
Equations 3 and 6 and is given by

Kot 1
Deft % 8
KF  1+Re ®

where K} and Re are derived from the Forchheimer para-
meters, a and b, according to the relations

1 b
Kg—aandRe—V(a> 9)
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In Equations 7 and 8, K and KJ both represent the
hydraulic conductivity when nonlinear effects are negligi-
ble. However, these parameters are not directly com-
parable since K§ is the (constant) hydraulic conductivity
when Re < Re,;; in the Shoemaker threshold model, and
K is the asymptotic hydraulic conductivity as Re — 0 in
the Forchheimer model.

The objective of this paper is to analyze permea-
meter data collected from a karst formation to assess the
relative accuracy of using Equations 7 and 8 to describe
the nonlinear behavior of the effective hydraulic conduc-
tivity, and to identify critical flow conditions beyond
which nonlinear effects must be taken into account in
karstic aquifers.

Materials and Methods

The methods used to collect the data in this study
have been previously reported by DiFrenna et al. (2007)
and are briefly summarized here. Seven cubes 0.2 m on
a side and six cubes 0.3 m on a side were cut from
a larger block of Key Largo Limestone. The orientation of
the large block was maintained during cutting so that the
vertical axis of each cube was known. Numerous solution
holes ranging in size from < 1 cm to about 4 cm long
were observed in the limestone cubes. The hydraulic con-
ductivity of each cube axis was determined using a Plexi-
glas permeameter. To prevent preferential flow around the
cube, the outer faces of the cube were first wrapped with
plastic wrap, then with a sheet of 0.635-cm-thick closed-
cell neoprene rubber, followed by 0.636-cm-thick alumi-
num plates that were tightened with nylon straps and
a ratcheting mechanism. All seams of the Plexiglas
chamber were sealed with silicone, and the integrity of
the assembly was verified during testing by the absence
of leaks and after testing by confirming that the neo-
prene was dry and there were no holes in the plastic
wrap. The volumes of water passing through the cubes
at timed intervals for various static head differences
across the cube were measured, and the results of the ex-
periments were reported as specific discharge vs. head
gradient. The minimum head gradient imposed was 0.08
m/m and the maximum head gradient imposed was 3 m/m.
It was verified that when the head gradient was zero,
there was no flow through the cube. At least eight static
head gradients were used on each cube axis, resulting in
more than 300 measurements. Permeameter experiments
were performed on 13 cubes, with each experiment iden-
tified by the rubric c-sf, where c is the cube number (= 1
to 7), s is the cube size (2 = 0.2 m; 3 = 0.3 m), and f
is the flow direction (a = vertical; b = horizontal-1;
¢ = horizontal-2).

Data Analysis

For each experiment, model parameters that give the
best fit, in terms of least squares, to the data were deter-
mined using a computer program developed specifically
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for this task. For the Forchheimer equation, the objective
function, A2%(a, b), was

N
A*(a,b) = Z (av; + bv} — s,-)z (10)
i=1
where N is the number of measurements, and v; and s; are
the specific discharge and head gradient, respectively, in
measurement i. Inclusion of v; = 0 when s; = 0 as a mea-
surement point was confirmed by a lack of observed dis-
charge when the head gradient was zero. There were no
measurement points between (0,0) and (0.24 m/d, 0.08 m/
m), and the lack of data in this range could bias the re-
sults presented here. For the data set corresponding to
each experiment, the values of a and b that yield the least
value of A%(a, b) in Equation 10 were found. For the
Shoemaker et al. (2008) equation, the specific discharge,
V., can be expressed in the form

D [Recic Ah
Vi: KO‘/E_SA_X," Re>Recri[ (11)
K(?%Eh’ ’ Re S Recrit

and the objective function, A?(KY, Recy), for determin-
ing the optimal values of KPand Re.; was

N .
A? (K(L)), Recm): Z { {K& /Recm Si — vi]
i=1 Re;

2
+ [K(?Si —vi] if Re; < Recm}

2

if Re; > Reri

(12)
where Re; = v;d/v, and it was assumed that d = 0.7 cm
and v = 10° m?/s; however, the assumed values of d and
v had no influence on the optimal solution because these
values cancel out on the right-hand side of Equation 12.
For the data set corresponding to each experiment, the
values of K(’,3 and Re.; that yield the least value of
A? (K{,Regit) in Equation 12 were found.

The optimum parameter sets for both the Forchheimer
and Shoemaker models are shown in Table 1, from which
it is apparent that the values of K and K are of similar
magnitude. In almost all experiments, the relationship
between the head gradient and specific discharge was suffi-
ciently nonlinear that Re;, for the threshold (Shoemaker)
model was within the range of Re for the experimental
data; however, in a few experiments (2-3b, 2-3c, 4-3c), the
relationship between head gradient and specific discharge
was sufficiently linear over the range of the experimental
data that Re.;; was indeterminate. The characteristic pore
size, d, of the karst matrix is the key variable affecting the
initiation of nonlinear flow in a porous medium and, ac-
cording to Equations 4 and 5, is related to the Forchheimer
parameters by the relation

d:vG) (13)

This relation was used to obtain values of d for each
of the experimental cubes of Key Largo limestone, and
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Table 1
Parameters for Nonlinear Flow Models
Forchheimer Model Shoemaker Model
Kg(= 1/a) a/b
Experiment (m/d) (m/s)  KPm/d) Re.y
1-2a 17.6 6.6 14.2 2.0
1-2b 94 19.6 7.8 4.2
1-2¢ 3.6 10.1 3.1 1.6
2-2a 1.0 2.6 0.8 0.5
2-2b 1.2 3.1 1.0 0.5
2-2¢ 0.8 0.8 0.6 0.3
3-2a 3.0 9.0 2.6 1.5
3-2b 3.2 1.8 2.2 0.8
3-2¢ 0.9 7.3 0.8 0.7
4-2a 2.2 24.3 2.1 1.6
4-2b 4.3 21.9 3.9 2.6
4-2¢ 6.5 5.2 4.9 1.8
5-2a 159 6.8 13.5 1.9
5-2b 5.8 20.2 5.1 3.2
5-2¢ 3.5 23.3 3.2 2.5
6-2a 52.3 42.6 44.1 11.1
6-2b 79.9 26.8 64.8 8.1
6-2¢ 40.0 45.0 31.0 134
7-2a 12.4 43.2 10.8 7.0
7-2b 29.9 25.3 23.3 7.8
7-2¢ 20.4 20.3 15.3 6.7
1-3a 3.2 7.9 2.7 1.6
1-3c 0.6 2.5 0.5 0.3
2-3b 0.2 1 0.2 1
2-3c¢ 0.3 1 0.3 1
3-3a 0.7 30.6 0.7 0.5
3-3b 1.5 11.1 1.4 1.0
4-3a 2.2 20.7 2.1 1.6
4-3b 3.5 94 3.0 1.7
4-3¢ 1.8 1 1.8 1
5-3a 154 4.7 9.1 2.6
5-3b 278.6 16.2 216.6 4.0
5-3c¢ 320.4 12.7 155.4 7.3
6-3a 0.9 6.7 0.8 0.6
6-3b 38.7 22.3 31.7 6.5
6-3c 43.6 8.9 584 1.0
IRe.i; indeterminate, experiment in Darcian (linear) range.

the median value of d was found to be 0.7 cm, which is
consistent with the pore sizes observed in the sides of the
cubes (DiFrenna et al. 2007). The range of d in the exper-
imental results was 0.2 to 10.3 cm.

Experiments on each cube provided more than 300
measurements of specific discharge vs. head gradient.
Because the effective hydraulic conductivity is equal to
the ratio of the specific discharge to the head gradient,
the collected data for each cube were converted to effec-
tive hydraulic conductivity, K¢, vs. specific discharge, V.
For comparison with the Forchheimer equation, best-fit
values of a and b were found, K¢ was normalized with 1/
a to give Kegr/ Kg ,V was normalized with a/b to give Re,
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and the results from all experiments are compared with
the Forchheimer equation (Equation 8) in Figure 1. The
Forchheimer equation provides good agreement with the
data for all values of Re. For comparison with the Shoe-
maker equation, best-fit values of K2, and Re.; were
found, K.¢ was normalized with K2, and Re was normal-
ized with Re; the results are compared with the Shoe-
maker equation (Equation 7) in Figure 2. The Shoemaker
equation shows good agreement with the experimental
data for Re/Re.;;; > 1, but poor agreement for Re/Re; <
1, and the assumption of an abrupt transition at Re.;; does
not fit the data well. The median value of Re_ was found
to be 1.8, and the range of Re.,; was 0.3 to 13.4. For Re >
Re.j, both the Shoemaker and Forchheimer equations
provide good descriptions of the behavior of the effective
hydraulic conductivity, and this result could partially
explain the anomalous results reported by Kuniansky
et al. (2008), who found good performance of the Shoe-
maker model for a single cube where Re > Re, for 17
of the 24 measurements considered in their analysis. The
range of flow conditions covered in Figures 1 and 2 is
representative of practical flow conditions in karstic for-
mations. A curious feature of the fit to the Shoemaker
equation is that K /Ké’ > 1when Re/Re.;; — 0. The
reason for this is that the specific discharge vs. head gra-
dient curve is actually concave downward (due to non-
linearity) and so the best-fit K2 to the assumed Darcian
part of the curve yields an average K{ that is less than
Kegras Re — 0. This is illustrated in Figure 3 for the Dar-
cian range of measurements in Experiment 6-2c.
Although this nonlinearity was observed by DiFrenna
et al. (2007) at Re < 1, the data points fell within the
95% confidence interval of a linear best-fit line; therefore,
a linear approximation could be used up to Re ~ 1 (based
on d = 1 cm). However, DiFrenna et al. (2007) explicitly
recognized the nonlinearities in the data at Re < 1 by
stating that the average hydraulic conductivity (K§’) over
the assumed Darcian (linear) range would be less than the
effective hydraulic conductivity (K.¢) at lower values of
the Reynolds number, a condition that is reflected in Fig-
ures 2 and 3 and is the stimulus for this paper, which

—— Forchheimer Equation
©  Measurements

-
o

Normalized Hydraulic Conductivity, Ke,,J‘KDF

00 05 1.0 15 20 25 30 35 40 45 50
Reynolds Number, Re

Figure 1. Forchheimer equation and measurements.
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— Shoemaker Equation
1.2 © ° o Measurements

Normalized Hydraulic Conductivity, Keu/Ko®

0.0

0 2 4 6 8 10 12 14 16 18
Normalized Reynolds Number, Re/Recq

Figure 2. Shoemaker et al. (2008) equation and measure-
ments.

proposes an alternate model that accounts for the
observed systematic nonlinearity in the data at low Rey-
nolds numbers.

Discussion

The primary result reported in this paper is that the
effective hydraulic conductivity of the Key Largo lime-
stone cubes tested in this study is closely described by
the Forchheimer equation and can be expressed in the
form

K. 1
©F TTiRe (14)
Ky 1 +Re

Apparent from Equation 14 is that Keg/K) = 0.9
when Re = 0.11, and hence Re = 0.11 can be defined as
the condition for significant deviation from Darcian flow.
Taking d = 0.7 cm (the median value in the experiments)
and v =10° m?s with Re = 0.11 gives V ~ 1 m/d,
and so nonlinear flow in this karstic formation can be ex-
pected when the specific discharge exceeds about

18 .
16 ,4‘
T 4 _+"Ken=30.6 mid
E Lt KenlKoP =099
> 12 2 = C
qé’ 5 best fit: K =31.0m.'d\’,- Keﬂ=%ﬂ.7m:'d
© IEN KenfKoP = 0.99
£ .
z
o g .7 Keg=323mid
§ L7 Ken/Ko® = 1.04
Q 4 ...
9 . K =35.8 mid
2 LT KK =115
ks
0.0 0.1 0.2 0.3 04 0.5 06

Hydraulic Gradient, S

Figure 3. Darcian measurements in experiment 6-2c.
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1 m/d. In general, this limiting velocity, Vj;,, is given by
Viim = 0.11 v/d. A corollary to this result is that signifi-
cant deviation from Darcian flow in a karstic formation
will occur at specific discharges at least an order of mag-
nitude lower than in unconsolidated formations, because
the d values found here are at least an order of magnitude
larger than the values typical of unconsolidated
formations.

At first glance, it might seem anomalous that devia-
tion from Darcian flow is predicted to occur at Re =
0.11, whereas in conventional practice it is generally
accepted that significant deviation from Darcian flow
does not occur until Re > 1 to 10. However, the conven-
tional criterion is based on the specific definition of the
length scale, d, as the mean grain size of the unconsoli-
dated porous medium (Bear 1972). If another definition
of d is used, then the limiting Re for Darcian flow is
different from the conventional criterion of Re > 1 to 10.
In the case of a karstic formation, identifying a
mean grain size is not meaningful, and the alternative def-
inition of d that is implicit in the Forchheimer
formulation is

b

d= i (15)
where a and b are the Forchheimer parameters and v is
the kinematic viscosity of water. Because d is defined by
Equation 15 rather than a mean grain size, the conven-
tional criterion of Re > 1 to 10 for the initiation of non-
Darcian flow is not a relevant benchmark for the results
reported here, where the limiting condition is Re = 0.11.
Venkataraman and Rao (1998) used the same definition of
d as given by Equation 15 and identified Darcian flow
as occurring when Re < 0.1 (approximate), nonlinear
Darcian flow when 0.1 < Re < 10, and fully turbulent
flow when Re > 10. Based on these classifications, it is
apparent from Figure 1 that flow conditions in the current
experiments were all under linear or nonlinear Darcian
flow conditions, and none were under fully turbulent flow
conditions.

A possible reason why the Shoemaker threshold
model does not match the data well could be related to
the assumed functional form of the model and the
requirement that Re.;, and K(I,) be such that the data best
matches the assumed functional relationship between
the K. and V. The assumed functional form in the
Shoemaker threshold model requires that the flow
suddenly transition from Darcian (linear) flow, where
K. = constant, to a transitional flow condition where
Kegr ¢ V=03, whereas, in reality, K. is expected to vary
gradually from being a constant to being proportional to
V —1 when the flow becomes fully turbulent (Venkatara-
man and Rao 1998). A possible solution to improve the
performance of the threshold model is to use an alterna-
tive transition flow function that better describes the flow
conditions at the onset of nonlinear flow, which would
most likely result in a lower Re.; and a better match to
the experimental data at low Reynolds numbers.
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Conclusions

Both the classical Forchheimer equation and a thresh-
old model proposed by Shoemaker et al. (2008) for use in
preferential flow layers of karst formations were com-
pared with the experimental results. This comparison
showed that the experimental results closely matched the
Forchheimer equation, whereas the threshold model does
not adequately identify the critical Reynolds number at
which the flow becomes significantly nonlinear. Using
a pore-size length scale derived from the Forchheimer
parameters, it is demonstrated that the effective hydraulic
conductivity is less than 90% of the Darcian (linear) flow
hydraulic conductivity when the Reynolds number
exceeds 0.11.

Practical applications of these results include the
development of a Forchheimer option in the CFP module
for MODFLOW to simulate nonlinear flow in karstic
aquifers as well as a renewed interest in the application
of analytical results describing Forchheimer flow in the
vicinity of large water-supply wells (e.g., Mathias et al.
2008), particularly in karstic formations. In support of these
applications, further research is recommended to investigate
the upscaling of these results to larger sample blocks.
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