A differential equation is an equation with aderivativeinit. For example, y' -y =X isa

differential equation. Solving a differential equation meansto find all the functions that make the
eguation atrue sentence. Generally, a differential equation has infinitely many solutions but,
when we add an initial condition like y(0) =1 (when x = 0, y = 1), only one of theinfinitely
many solutions will satisfy theinitial condition. A differential equation, together with an initial
condition, iscalled aninitial value problem. For example, y' -y =x, y(0) = Lisan initia
value problem. We can use power seriesto solve initial value problems.

Example: Use seriesto solve theinitial value problemy’ —y = x, y(0) = 1. Find the first 4 non-
zero terms of the solution.

Solution: We assume a solution of the form y = ¢, + ¢, x+¢,x* + ¢, x% +...

Differentiating givesus y' = ¢, +2¢,x +3c,x” +...

Substituting into the given differential equation:

C, +2C,X +3CX%... - (Cp +CX+C X2 +C X0 +...) =X

Combining like terms:

(¢, —¢p) +(2¢, — ¢ )x +(3c, _Cz)xz T =X

Theright side of the equation can be thought of as a power series where all the coefficients
except one have coefficient zero:

(c, —¢,) +(2c, —¢)X+(3c, —C,)X* +.... = 0+ 1X+Ox* +...+ Ox" ™" + ...

Equating the coefficients:

C,—C, =0

2c,-c =1

3¢, -¢,=0

Our initial condition, when substituted into the seriesfor y, tellsus ¢, =1

Solving each equation:
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So our solution isthe series y =1+ x + x° +§x3 +...

Use seriesto solve the following initial value problems. Find the first 4 non-zero terms of the
solution.

1L y+y=0,y0=1

2.y-y=1,y(0)=0



