Homework 9:  Chapter 3

Problem 3.5
(a) {flxg) = [ f*(zg)dz = [(zf)*gdzx = (zflg), so
(flig) = [ £+(ig)dz = [ (~if)*adz = (~iflg), so

cadg. T dg | = rdfNt o d\"_ d
x,f|af—/;x_f =19 _W—f_m (E gdzr = —{zf|g}, so =) =7

(b) ap = vi,__-(—ip + mwz). But p and x are hermitian, and it = —i, so (a3 ) =

ip + nuwr), or
2hmw (

(c) (flQR)g) = (Q1f|Rg) = (RtQ* flg) = ((QR) flg), 0 (QR)t = RIQT. v

Problem 3.13
(a) [AB,C] = ABC — CAB = ABC — ACB+ ACB — CAB = A[B,C] +[A,C]B. v

(b) Introducing a test function g(z), as in Eq. 2.50:
fid hod fid bl i
[z", plg = .71"”‘—_ﬁ = —_t—(.r”'g] — :l:ﬂ'—_E —— [ nz" g+ e ihnz™1q.
idr idr - dr

So, dropping the test function, [z®, p| = ifine™"1.

hidg hd hdg K (d d I d
(e) [fplo=f~2L_Z fgr):f—.—g——(—f +f—g)=iﬁffg:-[j~3;u]=iﬁ—f v

¢ dr 1 EE tdr & \d=x dr dr dr’

Problem 3.26
(a) (@) = (¥]@Qv) = (QTv]) = —(Q¥[¥) = —((¥|Q¥))* = —(Q)*, so (Q) is imaginary. v
(b) From Problem 3.5(c) we know that (PQ)T = QT P!, so if P = P and Q = Q1 then
[P.Qlf = (PQ-QP)Y =@t Pt - PIQt =QP - PQ=-[P,Q]. v
If P=—Ptand Q = —Qt, then [P, Q]f = Q1P — PIQt = (—Q)(-P) — (-P)(-Q) = —[P, Q]

So in either case the commutator is antihermitian.




Problem 3.31

Equation 3.71 = %{I}J} = %-{[H.xp]}; Eq. 3.64 = [H,xp| = [H,z]p+ z[H,p|; Problem 3.14 = [H,z] =
LY

_RP. Problem 3.17(d) = [H,p] = ih9. So
m dx
d i il CdV p? dv e dV
—{xp) == | — —(p¥) + iklz—)| = 2{—) — {z—) = 2AT) — (z—). QED
dt R fi m P} o+ i da / ! 2m’ W dz’ ST dx’ Q

In a stationary state all expectation values (at least, for operators that do not depend explicitly on t) are
time-independent (see item 1 on p. 26), so d{xp)/dt = 0, and we are left with Eq. 3.97.
For the harmonic osecillator:
o1 dV dl” . - . .
V=_mir=s — =muifr= o =2 =2V = 2T =20V = (T = (V. QED
dr dr o Y Y s
In Problem 2.11({¢) we found that {T) = (V') = %H-.-.: (forn=0); (T) = (V) = %ﬁu.,—‘ (for n=1). v
In Problem 2.12 we found that {T') = %{n—l— 5 )fiw, while {x?) = (n—l—%)ﬁfmu;, so (V) = %nu.-,-j {x2) = %[n—l— %)ﬁw
and hence (T') = {17} for all stationary states. v

Problem 3.36
2 2
(a) Equation 3.60 becomes |z|? = [Re(z)]? + [Im(=)]? = {_—(: + :*]} + [—_(: - "*)} ; Eq. 3.61 generalizes to
1 B! :
3h = [5(sla) + 6l + |3 (o) (ol
But (f|g) — {(g|f) = ({4, B]) (p. 111), and, by the same argument,
{flg) + (gl f} = (AB) — {A){B) + (BA) — (A}B) = (AB + BA — 2(A)(B}) = (D).

Lop+e?). v

2 2.

(b)fB=A, then =0, D= 2(_212 - {.4}2); (D} = 2 ({_4-3} - {Aj:-‘*) = 20%.  So Eq. 3.99 says

a40% = (1/4)40% = 0¥, which is #rue, but not very informative.




Problem 3.39

(a)
Expanding in a Taylor series: f(x + zq) = i = Ty d nﬂxj
panding o) = ! ™ \dz ‘
A od 1 i — 1 ir\" ipeo/
But p = —é 20 -:.tf_:c = % Therefore f(z +xq0) = ;E Ty (%) fla) =™/ f(x).
(b)
b | an" (Y
izt +ty) = tg T(x,t); th—=HT.
(z,i+t0) = Z.:, (w) (x,2); 4 B

[Note: It is emphatically not the case that eﬁat = H. These two operators have the same effect only when
(as here) they are acting on solutions to the (time-dependent) Schrodinger equation.] Also,

a2 i} L, O 2
(aﬁa) T = éfi [:H‘If] H(é?‘ia) =H"T,

provided H is not explicitly dependent on . And so on. So

oo

Uz, i+ 1) = z ?1' g (— EH) = E_iﬂm”ﬁ‘lﬂ:r.f).

n=(0

(Qeyto = (Ulz,t +t0)|Q(z, p, t + )| ¥(z,t + t0)).
But U(z.t +to) = e Hohg ¢ t), so, using the hermiticity of H to write {e_imﬂfﬁjf = ¢tHto/h

(Qeyey = (U(x,t)|eF/RQ(z, p, t + to)e  H /R |W(x,1)).

If tg = dt is very small, expanding to first order, we have:

d{e 1H tH .
(e + —— Q t = {(U(x,t)] (1 + ?de‘.) [Q(m.p.f] + %de‘} (1 %dﬁ) [T (x,t))
*
a0 a0
* = Q(z,p, e‘)+ u'fO Q(—de‘) +er‘ =0+ ﬁ[H Qdt + Etﬁ]
= “O:¢+ ([H,Q)dt + *if,df
] d{Q} _ .i oQ

—([H,Q) + (). QED

dt




