Quantum Mechanics I: 1% -Exam Solutions (Fall 2008)

Name , Panther ID

1. To understand atomic energy levels, de Broglie hypothesized that all allowed orbits for
an electron in a hydrogen atom are given by the condition that an integral number “n” de
Broglie wavelength fit around the circumference of the orbit. Show that this condition
leads to the Bohr quantization condition on angular momentum L = n7.

Solution:

Let the electron have speed v in an orbit of radius r. The circumference of the orbit is the
2mnr. de Broglie’s hypothesis is then that an integral number of wave lengths fit into this
circumference:
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However, the angular momentum of the electron is given by L =m,vr such that
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precisely the Bohr quantization condition of angular momentum.

2. If AXAp = 1/2 where (AX)* =< x* > —< x>*and (Ap)* =< p® > —< p >’ but <x> = <p> =0,

show that the minimum energy of a quantum harmonic oscillator is nw/2, if the

2 2
Hamiltonian is H = 2— + M y2
2m 2

Solution:

Since <x> = <p> = 0. <Ax>%= <x*> and <4p>*= <p*>
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<H>=—1 p2+ 1Y 2 :i[< Ap >° +mPw® < Ax >°]
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For any real value of aand b, a+b > 2+/ab . If a= <4p? and b = m?a?<Ax?>, then

<Ap >* +mPe® < AX >°> 2\/< Ap >* -M’@® < AX>? = 2Mm < AX >< Ap >> Zma)g

so that < H >mm:%ha)



3. Presume that the wave function w(x) = Ae ™ applies over the domain 0 < x < oo (assume

that w = 0 outside this domain). What must be the value of A in terms of k if this function
is to be properly normalized? What is the probability of finding the particle between x =0
and x = 1/k?

Solution:

We must havej|gz/|2dx =1. In the present case this demands
A [ e dx=1
0

such that A =+/2k

The probability of finding the particle between x = 0 and x =1/k is given by the integral
of w?over these limits

1/k
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4. A particle with mass of m is confined in a one dimensional infinitive well (0 <x < a)
_ V (X) _{Owhen0<xsa ) _ _
i.e. — wotherwise . And the energy eigenvalues and eigenfunctions are
her’n?
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E =

n

and v, = \/zsin(m) with n =1, 2, 3..., respectively. At t = 0, the initial
a a

normalized wave function isy(x,0) = /§(1+ cos”—x)sinﬁ—x. a) Find the wave function
a a a

at any moment t; b) What is the expectation value of energy; c) Find the probability in the
left half of the well (0 < x < a/2) at any moment t.

Solution:

(a) The initial state can be decomposed as the combination of first two eigenstates:

w(x,0)= \/E(ucos”—x)sin”—x = \/Ewl(xw\ﬁwz(x)
ba a a 5 5

with

v, = \E sin”X) (n=1)and y, = \f sm(@) (n=2)
a a a .

According to the superposition principle: y (x,t) = chyxn (x)e ", we have

p(xt) = w1<x) exp(- L ) +\Fm(x) exp(- Z'n’f;f h
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(b) Since the energy does not change with time (stationary states), the energy at any

moment is given by the initial energy as
2_2
<H>=E -2 +1 =4h—”2
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(c) The probability at any moment t is given by
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. Show that %Iw w, w,dx =0 for any two normalizable solutions to the Schrodinger

equation, ya and ys.
Solution:
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